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PREFACE. 


HHHE  Art  of  Measuring,  like  all  other  ufeful 
A inventions,  appears  to  have  been  the  offspring 
of  want  and  necefiity  ; and  to  have  had  its  origin  in 
thofe  remote  ages  of  antiquity,  which  are  far  beyond 
the  reach  of  credible  and  authentic  hiftory.  Egypt, 
the  fruitful  mother  of  almoll  all  the  liberal  fciences, 
is  imagined  likewife  to  have  given  birth  to  Geo  m e- 
try  or  Mensuration;  it  being  to  the  inunda- 
tions of  the  Mile  that  we  are  faid  to  be  indebted 
for  this  moll  perfect  and  delightful  branch  of  human 
knowledge. 

After  the  overflowings  of  the  river  had  deluged  the 
country;  and  all  artificial  boundaries  and  land-marks 
were  destroyed,  there  could  have  been  no  other  me- 
thod of  afcertaining  individual  property,  than  by  a 
previous  knowledge  of  its  figure  and  dimenfions. 
From  this  circumftance,  it  appears  highly  probable, 
that  Geometry  was  firft  known  and  cultivated  by  the 
ancient  Egyptians;  as  being  the  only  fcience  which 
could  adininifter  to  their  wants,  and  furnilh  them 
with  the  affiflance  they  required.  - The  name  itfelf 
dignifies  properly  the  art  of  meafering  the  earth  ; which 
ferves  Hill  further  to  confirm  this  opinion  ; cfpecially 
as  it  is  well  known  that  many  of  the  ancient  mathe- 
maticians applied  their  geometrical  knowledge  en- 
tirely to  that  purpofe  ; and  that  even  the  Elements  of 
Euclid,  as  they  now  Hand,  are  only  the  theory  from 
whence  we  obtain  the  rules  and  precepts  of  our  pre- 
fent  more  mechanical  pra£lice. 

But  to  trace  the  fciences  to  their  firfl  rude  begin- 
nings, is  a matter  only  of  learned  curioGty,  which 
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could  afford  but  little  gratification  to  readers  in  ge- 
neral. It  is  of  much  more  confequence  to  the  rifing 
generation  to  be  informed  that,  in  their  prefent  im- 
proved date,  they  are  exceedingly  ufeful  and  impor- 
tant. And  in  this  refpeft,  the  art  I have  undertaken 
to  elucidate  is  inferior  to  none,  arithmetic  only  ex- 
cepted. Its  ufe  in  moil  of  the  different  branches  of 
the  Mathematics  is  fo  general  and  extenfive,  that  it 
may  be  juftly  confidered  as  the  mother  and  miftrefs 
of  all  the  red,  and  the  fource  from  whence  were  de- 
rived the  various  properties  and  principles  to  which 
they  owe  theit*  exigence. 

As  a tedimony  of  this  fuperior  excellence,  I need 
only  mention  a few  of  thofe  who  have  dudied  and  im- 
proved it ; in  which  illudrious  catalogue  we  have 
the  names  of  Euclid,  Archimedes,  Thales,  Anaxago- 
ras, Pythagoras,  Plato,  Apollonius,  Philo  and  Pto- 
lemy, amongd  the  ancients;  and  Huygens,  Wallis, 
Gregory,  Halley,  the  Bernoullies,  Euler  Liebnita, 
and  Newton,  among  the  moderns;  all  of  whom  ap- 
plied themfelves  to  particular  parts  of  it,  and  greatly 
enlarged  and  improved  the  fubjefl.  To  the  latter 
efpecially  we  are  indebted  for  many  valuable  difeo- 
veries  in  the  higher  branches  of  the  art;  which  have 
not  only  enhanced  its  dignity  and  importance,  but 
rendered  the  pradtical  application  of  it  more  general 
and  extenfive. 

The  degree  of  eflimation  in  which  the  art  was  held 
by  thefe  and  other  eminent  characters,  will,  in  gene- 
ral, it  is  apprehended,  be  tho:  ght  a fufficient  enco- 
mium on  its  merits.  But,  for  the  fake  of  young  peo- 
ple, and  thofe  of  a confined  education,  it  may  not 
be  amifs  to  give  a few  more  inftances  of  its  adt  antage, 
and  fliew  that  its  importance  in  trade  and  bufinels  is 
not  inferior  to  its  dignity  as  a fcience.  Artificers  of 
almofl  all  denomi nations  arc  indebted  to  this  inven- 
tion for  the  eftabliflrniert  of  their  fevcral  occupations, 
and  the  pcrfedlion  ar.d  value  of  their  workmanship. 
Without  its  afliitance  all  the  great  and  noble  works 
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of  Art  would  have  been  imperfedl  and  ufelefs.  By 
this  means  the  architect  lays  down  his  plan,  and 
eredls  his  edifice;  bridges  are  built  over  large  rivers  ; 
fhips  are  conilrudled ; and  property  of  all  kinds  is 
accurately  meafured,  and  juilly  eftimated.  In  fhort, 
moll  of  the  elegancies  and  conveniencies  of  life  owe 
their  exigence  to  this  art,  and  will  be  multiplied  in 
proportion  as  it  is  well  underllood,  and  properly 
pra^tifed. 

From  this  view  of  the  fubjedl,  it  is  hardly  to  be 
accounted  for,  that,  in  a co’mmercial  nation,  like 
oufr  own,  an 'art  of  fuch  general  application, Ihould 
have  been  fo  greatly  negledled.  Mechanics  of  all 
kinds,  it  is  well  known,  are  but  ill  acquainted  with 
its  principles ; and  thofe  who  have  been  the  bell 
' qualified  to  afford  them  any  allillance,  have  thought 
it  beneath  their  attention.  Till  within  a few  years 
pad  there  could  not  be  found  a regular  treatife  upon 
this  fubjedl  in  the  Englilh  language.  Some  par- 
ticular branches,  it  is  true,  had  been  greatly  culti- 
vated and  improved ; but  thefe  were  only  to  be 
found  in  their  mifcellaneous  date,  interfperfed  through 
a number  of  large  volumes,  in  the  poffeflion  of  but 
few,  and  in  a form  and  language  totally  unintel- 
ligible to  thofe  for  whom  they  were  more  immediately 
neceffary. 

Dr.  Hutton  was  the  firft  perfon,  in  this  country, 
who  undertook  to  colled!  thefe  fcattered  fragments, 
and  to  treat  of  the  fubjedttn  a fcientific,  methodical 
manner.  A fmall  treatife  by  Hawney,  and  fome 
others  of  httle  note,  had  indeed  been  long  in  the 
hands  of  the  public  ; but  thefe  were  extremely  de- 
fedlive,  both  in  matter  and  method;  neither  the  prin- 
ciples nor  pradlice  of  the  art  being  properly  or  clearly 
explained.  Before  the  publication  of  the  treatife 
abovementioned,  Mr.  Robertfon’s  may  be  confidcrcd 
as  the  only  book,  of  any  value,  that  could  be  con- 
fulted,  either  b\  the  artizan  or  mathematician  ; and 
had  he  given  the  theory  as  well  as  the  pradlice  of  the 
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art,  and  diverted  his  rules  and  examples  of  their  alge- 
braical form,  there  would  have  been  no  want  of  any 
other  elementary  treatife. 

To  thefe  two  writers  1 am  greatly  indebted  for 
many  things  in  the  following  pages,  and  am  ready 
to  acknowledge,  that  I have  ufed  an  unreferved 
freedom  in  feleCting  from  their  works,  wherever  I 
found  them  to  anfwer  my  purpofe.  To  Dr.  Hutton 
I am  particularly  obliged,  and  am  fo  far  from  de- 
firing'to  fupercede  the  ufe  of  his  performance  by  this 
publication,  that  I only  wilh  it  to  be  thought  a 
ufeful  introduction  to  it.  His  treatife  is  excellent  in 
its  kind ; and  had  it  been  as  well  calculated  for  the 
ufe  of  the  uninformed  Artift  as  it  is  for  the  Mathe- 
matician, the  following  compendium  had  certainly 
never  been  publifhed. 

The  method  I have  obferved,  in  compcrtng  this 
work,  is  that  which  was  ufed  in  the  “ Scholar’s 
Guide  to  Arithmetic and,  as  my  object  has  been  to 
facilitate  the  acquirement  of  the  fame  kind  of  ufeful 
knowledge,  I am  not  without  hopes  of  its  being  re- 
ceived with  equal  candour  and  approbation. 

» In  fchool-books,  and  thofe  defigned  for  the  ufe 
of  learners,  it  has  always  appeared  to  me,  that 
plain  and  concife  rules,  with  proper  exercifes,  are 
entirely  fufficient  for  the  purpofe.  In  fcience,  as  well 
as  in  morals,  example  will  ever  inforce  and  illuftrate 
precept;  for  this  reafon  an  operation,  wrought  out 
at  length,  will  be  found  of  more  fervice  to  begin- 
ners than  all  the  tedious  directions  and  obfervations 
that  can  poflibly  be  given  them.  From  conilant  expe- 
rience I have  been  confirmed  in  this  idea  ; and  it  is 
in  purfuance  of  it  that  1 have  formed  the  plan  of  this 
publication.  I have  not  been  ambitious  of  adding 
much  new  matter  to  the  fubjeCb;  but  only  to  arrange 
and  methodize  it  in  a manner  more  eafy  and  rational 
than  had  been  done  before. 

The  text  part  of  the  work  contains  the  rules 
in  words  at  length,  with  examples  to  exercife  them ; 
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and,  in  order  th2t  the  learner  may  not  be  perplexed 
and  interrupted  in  his  progrefs,  the  remarks  and 
demondrations  are  confined  to  the  notes,  and  may 
be  confulted  or  not,  as  fhall  be  thought  neceflary. 
To  thole  who  would  wilh  not  to  take  things  upon 
trull,  but  to  be  acquainted  with  the  grounds  and 
rationale  of  the  operations  they  perform,  they  will 
be  found  extremely  ferviceable  ; and  for  this  purpofe 
I have  endeavoured  to  make  them  as  eafy  as  the  nature 
of  the  fubjeft  would  admit.  But  they  can  be  con- 
fulted only  by  fiich  as  have  made  a previous  ac- 
quaintance with  feveral  other  branches  of  mathema- 
tical learning. 

Some  of  the  mod  difficult  rules  relating  to  the 
lurfaces  of  folids,  &c.  could  not  be  conveniently 
given,  but  by  means  of  algebraical  theorems ; and 
as  this  was  foreign  to  my  purpofe,  I have  not  fcrupled 
to  omit  them  ; being  well  perfuaded  that  what  is  done 
upon  that  head  will  be  fully  fufficient  to  anfwer  moll 
practical  purpofes.  In  the  praflical  Geometry  like- 
wife,  which  is  prefixed  to  this  treatife,  fuch  problems 
only  are  introduced  as  were  known  to  be  mod  inti- 
mately connected  with  the  fubjeft.  And  as  this  part 
of  the  work  is  a proper  and  neceflary  introdudlion  to 
the  red,  I have  fpared  no  pains  in  making  it  as  clear 
and  intelligible  as  poffible. 

Upon  the  whole,  I have  endeavoured  to  confult  the 
wants  of  the  learner,  more  than  thofe  of  the  man  of 
fcience.  And  if  J have  fucceeded  in  this  refpeft,  my 
purpofe  is  anfwered.  I have  not  fought  for  reputation 
as  a mathematician,  but  only  to  be  ufeful  as  a tutor. 

N.  B.  The  favourable  reception  this  Work  has  met 
with,  has  induced  me  in  this  Edition  to  make  fuch 
Alterations  and  Additions  as  have  fince  occurred  to 
me,  and  which  are  fuch  as  I hope  will  render  it  dill 
more  acceptable  to  the  Public. 

Regal  Academy , tVosliv'ub, 

March  ],  1794* 
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TABLES 

I 

OF  THE 

DIFFERENT  MEASURES’  USED  IN  THIS  WORK. 


Lineal  Meafures. 


It  inches  make 

1 foot. 

3 feet  - - - 

1 yard. 

6 feet  - - - 

1 fathom. 

1 61  feet,  or  7 

r 1 pole,  ( 

5f  yards,  S " ] 

£ or  rod. 

40  poles  - - 

1 furlong. 

8 furlongs  - - 

1 mile. 

. Square  Meafures, 

144  inches  make  1 foot. 

9 fe;t  - - - 1 yard. 

36  feet  - - - 1 fathom. 

272J  feet,  ? _ 5 1 Pole> 

Pr3°+  yds.  i 1 or  rod. 

1600  poles 1 furlong. 

64  furlongs  - - 1 mile. 


^ Note,  The  chain  made  ufe  of  in  meafuring  land, 
commonly  called  Gunter’s  chain,  is  4 poles,  or  22 
yards  in  length,  and  confifts  of  100  equal  links,  each 
Jink  being  -j—  of  a yard,  or  7.92  inches  long. 


An  acre  of  land  is  alfo  equal  to  10  fquare  chains; 
that  is,  10  chains  in  length,  and  1 in  breadth  ; or  it 
is  4840  fquare  yards,  or  160  fquare  poles,  or  100,000 
fquare  links. 


Note  alfo,  that  in  Land  Meafure, 


40  perches,  or  7 ke  x rood> 
lquare  poles  4 

4 roods  1 acre. 


And  in  Cubic  Meafure, 
1728  inches  make  1 foot. 

27  feet  - - - 1 yard. 

166J  yards  - - - 1 pole. 
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definitions. 


*•  /GEOMETRY"  is  that  fcience  which  treats  of  the 
fjT  defcriptions  and  properties  of  magnitudes  in 
general. 

2.  A point  is  that  which  has  no  parts,  or  dimen. 
lions. 

3 • A line  is  length  without  breadth ; and  its  bounds 
or  extremes  are  points. 

. 4 A right  line  is  that  which  lies  evenly  between 
its  extreme  points. 


5.  Aftperficies  is  that  which  has  length  and  breadth 
only  , and  us  bounds  or  extremes  are  lines. 


6 A plant  fuperficin  is  that  which  touches,  in  every 

Lies.  an/  nght  ‘ne  th3t  Ca“  be  dravm  in  that  fuPer" 
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7.  A folid  is  that  which  has  length,  breadth  and 
thicknefs ; and  its  bounds,  or  extremes,  are  fuperficies- 


\ 

f\ 

1 

\ 

V 

8.  A plane  reSlilineal  angle  is  the  inclination  or 
opening  of  two  right  lines  which  meet  in  a point. 


t 


9.  One  line  is  faid  to  be  perpendicular  to  another, 
when  it  makes  the  angles  on  both  Tides  of  it  equal  to 
each  other. 

I V 


10.  A right  angle  is  that  which  is  formed  by  two 
lines  that  are  perpendicular  to  each  other.* 


» 


* Any  angle  differing  from  a right 
called  an  oblique  angle . 


one,  is,  by  fome  writers, 

11.  An 
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1 1 . An  acute  angle  is  that  which  is  lefs  than  a right 
angle.  ' . 


r 


. IZ-  An  ohtufe  angle  is  that  which  is  greater  than  a 
right  angle. 


• -,4;  Thtc®ntre  o/a  circle,  is  the  point  about  which 
t is  defcribed  S and  the  circumference  is  the  line  ox 
boundary  by  which  it  is  contained. 


* N.  B.  The  circumference  itfelf,  for  the  fake  of  r^r-e. 
oefs,  is  fometimes  called  a circle.  ConC,fc* 
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1 5.  The  radius  of  a circle  is  a right  line  drawn 
from  the  centre  to  the  circumference. 


1 6.  The  diameter  of  a circle  is  a right  line  palling 
through  the  centre,  and.  terminated  both  ways  by  the 
circumference. 


17.  An  arc  of  a circle  is  any  part  of  its  periphery 
©r  circumference. 


18.  A chord  is  a right  line  joining  the  extremities 
of  an  arc. 


N.B.  A femicircle  is 
the  quarter  of  it. 


half  the  circle,  and  a quadrant 

19.  All 
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Ip.  All  plane  figures  bounded  by  three  right, lines 
are  called  triangles  _ / : ' 

20.  An  equilateral  triangle  is  that  v/hofe  three  lid.es 
are  all  equal. 


21.  An  :rofceles  triangle  is  that  which  has  only  two 
of  its  Tides  equal. 


22.  A ftalene  triangle  is  that  which  has  all  its  three 
Tides  unequal. 


„ JZi  lria/n?  diffe,rins  r,0m  a right  anE>ed  one,  is  called 
sn  oblique  angled  triangle. 
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24.  Aa 
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24.  An  oitufe- angled  triangle  is  that  which  has  one 
obtufe  angle. 


25.  An  acute-angled  triangle  is  that  which  has  all  its 
angles  acute. 


26.  All  plane  figures,  bounded  by  four  right  lines, 
are  called  quadrangles,  or  quadrilaterals. 

27.  A fquare  is  a quadrilateral,  whofe  fides  are  all 
equal,  and  its  angles  all  right  angles. 


28.  A rhombus  is  a quadrilateral  whofe  iides  are  all 
equal,  but  its  angles  not  right  angles.* 


* This  figure,  by  working  mechanics,  is  fometimes  called  a 


29.  A 
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29.  A parallelogram  is  a quadrilateral  whofe  oppoUte 
fides  are  parallel. 


30.  A reft  angle  is  a parallelogram  whofe  angles  are 
all  right  angles. 


» 

31.  A rhomboid  is  a parallelogram  whofe  angles  are 
not  right  angles. 

32.  All  other  four-fided  figures,  befides  thefe,  are 
called  trapeziums. 

33-  A rignt  line  joining  any  two  oppofite  angles  of 
a four-fided  figure  is  called  the  diagonal. 


34.  All  plane  figures  contained  under  more  than 
four  fides  are  called  polygons. 

3 v io';ygons  having  five  fides,  are  called  pentagons 
thofc  of  fix  fides,  hexagons ; tliofe  of  feven,  hiptagons ; 
and  fo  on. 

B 4 36.  A 
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36.  A regular  polygon  is  that  whole  angles,  as  well 

as  fides,  are  all  equal.  ! 

37.  Parallel  right  lives  are  fuch  as  are  every  where 
at  an  equal  dillance  ; or  which  if  infinitely  produced 
would  never  meet. 


38.  The  hafe  of  any  figure  is  that  fide  on  which  it 
is  fuppofed  to  Hand ; and  the  altitude  is  the  perpen- 
dicular falling  upon  it  from  the  oppofite  angle. 

39.  In  a right-angled  triangle  the  fide  oppofite  to 
the  right  angle  is  called  the  hypothenufe  j and  the  other 
two  fides  are  called  legs, 

40.  An  angle  is  ufually  denoted  by  three  letters, 
the  one  which  Hands  at  the  angular  point  being  always 
to  be  read  in  the  middle. 


C D 


*41.  The  circumference  of  every  circle  is  fup- 
pofed to  be  divided  into  360  equal  parts,  cal  led  degrees ; 
each  degree  into  60  c’qual  parts,  called  minutes ; and 
fo  on. 

42.  The  meafure  of  any  right-lined  angle  is  an 
arc  of  a circle  contained  between  the  two  lines 


* This  and  the  following  definition  are  ufed  only  in  P radii  cal 
Geometry. 

which 
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which  form  that  angle,  the  angular  point  being  the 
centre. 


Note.  Tbe-angle  iseftimated  by  the  number  of  de- 
grees contained  In  the  arc  ; whence  a right  angle  is  an 
angle  of  90  degrees,  or  \ of  the  circumference. 


PROBLEM  I* 


To  divide  a given  line  A b into  tvjo  equal  parts. 


1 


1.  From  the  points  a and  b,  as  centres,  with  any 
diftance  greater  than  half  a b,  defcribe  arcs  cutting 
each  other  in  n and  m. 

2.  Through  thefe  points  draw  the  line  »em,  and 
the  point  e,  where  it  cuts  a b,  will  be  the  middle  of 
the  line  required. 


* The  demonftrations  of  roolt  of  tliefe  problems  may  be 
found  in  Euclid's  Elements. 

BS 

np 

% M 


PRO- 
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PROBLEM  II. 

To  divide  a given  angle  abc  into  tvjo  equal  parts. 

B 


j.  From  the  point  b,  with  any  radius,  defcribe 
the  arc  a c. 

2.  And  from  a,  c,  with  the  fame,  or  any  other 
radius,  defcribe  arcs  cutting  each  other  in  h. 

3.  Through  the  point  « draw  the  line  b»,  and  it 
will  bifeft  the  angle  a bc,  as  was  required. 

-PROBLEM  III. 

From  a given  point  c,  in  a given  right  line  ab,  to 
(reft  a perpendicular. 

Cask  I.  When  the  point  is  near  the  middle  of  the  line. 


s 


1.  On 


V 
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1.  On  each  fide  of  the  point  c take  any  two  equal 

diftances  cn,  cm.  ' 

2.  From  n and  m,  with  any  radius  greater  than, 
c n or  cm,  defcribtf  arcs  cutting  each  other  in  s. 

3.  Through  the  point  s,  draw  the  line  sc.  and  it 
will  be  the  perpendicular  required. 


Case  II.  When  the  point  is  at,  or  near,  the  end  of 
the  line. 


1.  Take  any  point  0,  and  with  the  radius  or  dif- 
tAnce  0 c,  defcribe  the  arc  men,  cutting  a b in  m 
and  c. 

2 Through' the  centre  0,  and  the  point  m , draw 
the  line  mon,  cu’ting  the  arc  men  in  n. 

3.  From  the  point  n,  draw  the  line  n c,  and  it  will  * 
he  the  perpendicular  reqpired.  • 


Another  method. 


B6 


1.  From 
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\ 

1.  From  the  point  c,  with  any  radius,  defcribe  the 
arc  rnm,  cutting  the  line  a c in  r. 

2.  With  the  fame  radius,' and  r as  a centre,  crofs 
the  arc  in  » ; and  from  n,  in  like  manner,  crofs  it  in  m. 

3.  From  the  points  n and  m,  with  the  fame,  or  any 
other  radius,  defcribe  arcs  cutting  each  other  in  s. 

4.  Through  the  point  s,  draw  the  line  re,  and  it 
will  be  the  perpendicular  required.'* 

PROBLEM  IV. 

From  a given  point  c,  out  of  a given  line  ab,  to  lei 
fall  a perpendicular. 

Case  I.  When  the  point  is  nearly  oppojite  to  the  middle 
of  the  line. 

c 


• 

G- 

•m  * 

*. 

*•** 

s 

r.  From  the  point  c,  with  any  radius,  defcribe 
the  arc  nm,  cutting  a b in  n and  m. 

2.  From  the  points  »,  m,  with  the  fame,  or  any 
other  radius,  defcribe  two  arcs  cutting  each  other 


* Another  method  of  railing  a perpendicular  from  any  point 
in  a given  line  may  be  feen  at  page  40, 

3.  Through 


4 
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j.  Through  the  points  c,  s,  draw  the  line  cox, 
and  c g will  be  the  perpendicular  required. 

Case  II.  When  the  point  is  nearly  oppoftte  to  the  end 
of  the  line. 


r.  To  any  point  m,  in  the  line  a b,  draw  the  line 

Cm. 

2.  Bifedt  the  line  cm,  or  divide  it  into  two  equal 
parts,  in  the  point  n. 

3.  From  71,  with  the  radius  nm,  or  n c,  defcribe 
the  arc  c cm,  cutting  a b in  g. 

4.  Through  the  point  c,  draw  the  line  c g,  and  it 
•will  be  the  perpendicular  required. 


Another  method. 


n Gi  B 


: 

1 1 / 
a .*  • 

; / / 


*.  From 
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1.  From  a,  or  any  other  point  in  a b,  with  the 
radius  a c,  del'cri.  e the  arc  c d. 

2.  And  from  any  other  point  n,  in  a b,  with  the 
radius  nc,  defcribe  another  arc  cutting  the  former 
in  c,  n. 

3.  Through  the  points  c,  d,  draw  the  line  cgd, 
and  c g will  be  die  perpendicular  required. 

N.  B.  Perpendiculars  may  bp  more  eafily  raifed,  apd 
let  fait,  in  practice,  by  means  of  a fquare,  or  other 
proper  inftrument. 


PROBLEM  V.- 

To  trifelt,  or  divide  a right  angle  arc  into  three 
equal  parts-. 


1.  From  the  point  B,  with  any  radius  ba,  defcribe 
the  arc  a c,  cutting  the  legs  ba,  b c,  in  a,  c. 

2.  And  from  the  point  a,  with  the  radius  a b or 
b c,  crofs  the  arc  a c in  «. 

3.  Alfo  with  the  fame  radius,  from  the  point  c, 
crofs  it  in  m. 

4.  Through  the  points  m,  »,  draw  the  lines  b m , 
b n , and  they  will  trifedl  the  angle  as  was  required. 

PRO. 
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PROBLEM  VI. 

yft  a given  feint  n to  make  an  angle  equal  to  a given 
angle  a bc. 


i.  From  the  point  b,  with  any  radius,  defcribe 
the  arc  nm,  cutting  the  legs  ba,  b c,  in  the  points 
m,  n. 

"2.  Draw  th#line  d e,  and  from  the  point  d,  with 
the  fame  radius  as  before,  defcribe  the  arc  rs. 

3.  Take  the  diftance  mn,  on  the  former  arc,  and 
apply  it  to  the  arc  rs,  from  r to  s. 

4.  Through  the  points  Dr,  draw  the  line  d f,  and 
the  angle  edf  will  be  equal  to  the  angle  a & eras  was 
required. 


PROBLEM  VIL 

To  draw  a line  parallel  to  a given  line  ab. 

Case  I.  When  the  parallel  line  is  to  pafs  through  a 
given  point  c.  » 

C 

g — 1 h 


A » 


m 


B 


1.  To 


/ 
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1.  To  a b,  from  the  point  c,  draw  any  right  line 
c m. 

2.  From  the  point  m , with  the  radius  me,  de- 
feribe  the  arc  cn,  cutting  a b in  n. 

3.  And  with  the  fame  radius,  from  the  point  c,  de- 
feribe  the  arc  mr. 

4.  Take  the  diftance  c n,  and  apply  it  to  the  arc 
mr,  from  m to  r. 

5.  Through  the  points  c,  r,  draw  the  line  g cr  h, 
and  it  will  be  parallel  to  a b as  was  required. 

Case  II.  When  the  parallel  line  is  to  be  at  a given 
dijlance  from  a b. 


D n m G 


1.  From  any  two  points  r,  s,  in  the  line  a b,  with 
a radius  equal  to  the  given  diltance,  deferibe  the 
arcs  n,  m. 

2.  Draw  the  line  dg,  to  touch  thofe  arcs  with- 
out cutting  them,  and  it  will  be  parallel  to  a b as  was 
required. 

, N.  B.  The  former  cafe  of  this  problem,  as  well  as 
feveral  Other  operations  in  Pradlical  Geometry,  may  be 
more  eafily  effedled  by  means  of  the  parallel  ruler.* 


# This  ruler  may  be  had  of  all  fizes,  but  is  ufually  put  into 
a portable  cafe,  with  a drawing-pen,  fcale,  compafles,  and 
other  ufeful  inllruments. 


PRO. 


PRACTICAL  GEOMETRY.  17 

PROBLEM  VIII. 

To  divide  a given  line  a b into  any  propofed  number  of 
equal  parts . 


1.  From  one  end  of  the  line  a,  draw  Am,  making 
any.  angle  with  a b ; and  from  b,  the  other  end, 
draw  b n,  making  an  equal  angle  ab  n. 

2.  In  each  of  the  lines,  a m,  b n,  beginning  at  A 
and  b,  fet  off  as  many  equal  parts,  of  any  length,  as 
A b is  to  be  divided  into. 

3.  Join  the  points  a 5,  1 4,  2 3,  &c.  and  a b will 
be  divided  as  was  required; 

Note,  b n may  be  drawn  parallel  to  a m,  by  means 
of  a parallel  ruler. 

Another  method. 


\ 


1.  From 


in 


is  practical  geometry. 

J.  From  the  point  a draw  any  line  a n,  and  fet  on- 
it  as  many  equal  parts,  wanting  one,  as  a b is  to-be 
divided  into. 

2.  Through  the  points  33,  draw  the  line  3B m, 
and  take  upon  it  the  fame  number  of  parts,  each 
equal  to  3 b. 

3.  From  the  point  m,  in  3 b m,  draw  the  line  m 1 2, 
cutting  a b in  1. 

4.  Upon  ab,  take  the  parts  1 2,  23-.  and  3 a, 
each  equal  to  b l,  and  the  line  will  be  divided  as  was 
required. 

Note.  It  will  be  convenient  In  pradlice  to  draw  a n 
fo  that  b a»  lhall  be  a fmall  angle. 


PROBLEM  IX. 


To  find  the 
deferibed.  * 


centre  of  a given  circle , or  one  already 

C 


1.  Draw  any  chord  a e,  and  bifefl  it  with  the 
perpendicular  c d. 

2.  Bifedl  CD:  in  like  manner,  with  the  chord  e f, 
and  their  imerfe£lion  o,  will  be  the  centre  required. 


* The  centre  of  a given  circle,  or  any  arc  of  it,  may  alfo 
be  found  as  in  the  next  problem,  by  taking  three  points  in  the 
circumference. 


PRO* 
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PROBLEM  X. 


To  defcribe  tht  circumference  cf  a circle  through  three 


1.  From  the  middle  point  b,  draw  the  lines,  or 
chords,  b a and  b c. 

2.  Bifeft  thefe  chords  perpendicularly,  with  lines 
meeting  each  other  in  0. 

3.  From  the  point  of  interfeftion  0,  with  the  dis- 
tance o a,  ob,  or  oc,  defcribe  the  circle  abc,  and 
it  will  be  that  required. 


To  draw  a tangent  to  a given  circle,  that  Jhall  paft 
through  a given  point  A. 

Case  1.  When  the  point  A is  in  the  circumference  of 
the  circle. 


given  points,  A,  B , c 


PROBLEM  XT. 


A 


C 


D 


1.  From 
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1.  From  the  given  point  a,  to  the  centre  of  the 
circle,  draw  the  radius  o a. 

2.  Through  the  point  a,  draw  cd  perpendicular 
to  oa,  and  it  will  be  the  tangent  required. 

Case  II.  When  the  point  a is  without  the  circle. 


1.  To  the  point  a,  from  the  centre  o,  draw  the  line 
O a,  and  bifeft  it  in  n. 

. 2.  From  the  point  n , with  the  radius  «a,  or  no, 
deferibe  the  femi-circle  a b.  o,  cutting  the  given 
circle  in  b. 

3.  Through  the  points  a,  b,  draw  the  line  a b, 
and  it  will  be  the  tangent  required. 

PROBLEM  XII. 

To  two  given  right  lines  a,  b,  to  find  a third  pra~ 
fortional . 
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1.  From  the  point  c draw  two  right  lines,  making 
any  angle  fcg. 

2.  In  thefe  lines  take  c e equal  to  the  firfl  term  a» 
and  c g,  cd,  each  equal  to  the  fecond  term  b. 

3.  Join  e d,  and  draw  g f parallel  to  it ; and  c f 
will  be  the  third  proportional  required. 

That  is  ce  (a)  :cg  (b)::  cd  (b)  :cf. 

PROBLEM  XIII. 

To  three  given  right  lines  A,  s,  Q,  to  find  a fourth 
proportional . 


A 

B_ 

C 

E 

1.  From  the  point  d draw  two  right  lines,  making 
any  angle  g d h . 

2.  In  thefe  lines  take  n f equal  to  the  firfl:  term  a, 
de  equal  to  the  fecond  b,  and  dh  equal  to  the  third  c.  • 

3.  Join  f e,  and  draw  h g parallel  to  it,  and  d g 
will  be  the  fourth  proportional  required. 

That  is  d f (a)  : de  (b)  : : d h (c)  : d g.  . 
PROBLEM  XIV. 

Between  two  given  right  Itnes  a,  b,  to  find  a mean 
proportional. 


I 
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i.  Draw  any  right  line,  in  which  take  c e equal 
to  a,  and  e d equal  to  b. 

. 2.  Bifeft  cd.  in  o,  and  with  od  or  oc,  as  radius, 
defcribe  the  femi  circle  cfd. 

3.  From  the  point  e draw  ef  perpendicular  to  cd, 
and  it  will  be  the  mean  proportional  required. 

That  iscE  (a)  : ef  ::  ef  : ed  (b). 

PROBLEM  XV. 

To  divide  a given  line  a b in  the  fame  proportion  that 
another  given  line  c is  divided* 


D 


1.  From  the  point  a draw  a d equal  to  the  given 
$ne  c,  and  making  any  angle  with  a b. 

2.  To  ad  apply  the  feveral  divihons  of  c,  and 
join  d b. 

3.  Draw  the  lines  44,  33,  &c.  each  parallel  to 
d b,  and  the  line  a b will  be  divided  as  was  required. 

That  is  the  parts  a 1 , 1 2,  2 3,  3 4,  4 b,  on  the  line 
a b,  will  be  proportional  to  the  parts  01,  1 2,  23,34, 
45,  on  ihe  line  c. 


* The  cafe  of  this  problem  which  mofl  frequently  occurs, 
is  that  in  which  the  given  line  is  required  to  be  divided  into 
two  parts  that  (hall  have  a grven  ratio  j which  may  be  done  in 
nearly  the  fame  manner  as  above. 


PRO- 
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PROBLEM  XVI. 


Upon  a given  right  line  ab,  to  make  an  equilateral 
triangle. 


1.  From  the  points  a and  b,  with  a radius  equal 
to  a b,  defcribe  arcs  cutting  in  c. 

2.  Draw  the  lines  a c,  bc,  and  the  figure  a c 8 
will  be  the  triangle  required. 

Note.  An  ifofceles  triangle  may  be  formed  in  the 
fame  manner,  by  taking  any  diftance  for  radius. 

PROBLEM  XVII. 

cTo  make  a triangle  vohofe  three  Jides Jball  be  refpcdively 
equal  to  three  given  lines  a , e,  c* 

A 

a 

E C 


* 1 he  three  given  lines  mu  ft  be  each  of  fuch  a length  that 
any  two  of  them  taken  together  /hall  be  greater  than  the  third. 

i.  Draw 
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1.  Draw  a line  de  equal  to  one  of  the  given  lines  c» 

2.  On  the  point  d,  with  a radius  equal  to  b,  de- 
fcribe  an  arc. 

3.  And  on  the  point  e,  with  a radius  equal  to  a, 
defcribe  another  arc,  cutting  the  former  in  f. 

4.  Draw  the  lines  df,ef,  and  dfe  will  be  the 
triangle  required. 


PROBLEM  XVIII. 

JJpon  a given  line  ab  to  defcribe  a /quart  1 


1.  From  the  point  b,  draw  B c perpendicular,  and 
equal  to  a b. 

2.  On  a and  c,  with  the  radius  ab,  defcribe  two 
arcs  cutting  each  other  in  d. 

.3.  Draw  the  lines  ad,cd,  and  the  figure  a b c d 
will  be  the  fquare  required. 

Note.  A rhombus  may  be  made  on  the  given  line 
ab  in  exaftly  the  fame  manner,  if  bc  be  drawn  with 
the  proper  obliquity,  indead  of  perpendicularly. 

PRO- 
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PROBLEM  XIX. 

7°  de/cribe  a refi  angle,  'whbfe  length  and  breadth  Jhall 
he  *qnal  tp  two  given  tines  a b and  c. 


i 


1 . At  the  point  b,  in  the  given  line  a b,  erect  the 
perpendicular  b d,  and  make  it  equal  to  c. 
j r _P10m  the  points  d,  a,  with  the  radii  a b and  c, 
delcribe  two  arcs  cutting  each  other  in  e. 

.3-  Join  e a and  ed,  and  abde  will  be  the 
rectangle  required. 

Nate.  A parallelogram  may  be  deferibed  in  nearly 
the  lame  manner.  7 


PROELEM  XX. 

7 0 a p™*  triangle  abc  to  in/cribe  a circle. 


C 


1.  Bifect 


* 


C 
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1.  Bifeft  the  angles  a and  b with  the  lines  ao  and 

» o. 

z.  From  the  point  of  interfe&ion  o let  fall  the  per- 
pendicular on,  and  it  will  be  the  radius  of  the  circle 
required. 


PROBLEM  XXL ■ 

In  a given  circle  to  infcribe  an  equilateral  triangle,  an 
hexagon,  or  a dodecagon. 


A 


For  the  hexagon . 

1.  From  any  point  a as  a centre,  with  a diltance 
equal  to  the  radius  ao,  defcribe  the  arc  bo  f. 

2.  Join  the  points  a b,  or  a f,  and  either  of  thefe 
lines  being  carried  fix  times  round  the  circle  \fill  form 

the  hexagon  required.  , 

That  is,  the  radius  of  the  circle  is  equal  to  the  iide 
of  the  hexagon  ; and  the  lides  of  the  hexagon  divide 
the  circumference  of  the  circle  into  fix  equal  parts, 
each  containing  t;o  degrees. 

For  the  equilateral  triangle. 
i.  From  the  point  a,  to  the  fecond  and  fourth  di\  i* 
{ions,  or  angles  ol  the  hexagon,  draw  the  lines  ai  , ae. 

z.  Join  the  points  c E,  and  ace  will  be  the  equi- 
lateral triangle  required  ; the  arc  ac  being  one  third 
of  the  circumference,  or  120  degrees. 


For 
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ij 

F or  the  dodecagon. 

Bife&  the  arc  a b of  the  hexagon  in  the  point  n, 
and  the  line  a n being  carried  twelve  times  round  the 
circumference,  will  form  the  dodecagon  required,  the 
arc  a n being  30  degrees. 

If  a n be  again  bifedted,  a polygon  may  be  formed 
of  24  fides ; and  by  another  bifedtion  a polygon  of  48 
iides  ; and  fo  ®n. 


PROBLEM  XXII. 

J 0 defcribe  a fquare,  or  an  off  agon,  in  a given  circle . 


For  the  fquare. 

^e-  d.Iametc1rs  ED  and  AC,  interfering 
each  other  at  right  angles.  a 

2.  Join  the  points  a b,  b c,  c d,  and  da,  and 
a b c u will  be  the  fquare  required. 

F or  the  0 flagon. 

Bifedt  the  arc  a e of  the  fquare  in  the  point  e and 
the  line  a e being  carried  eight  times  round  the  ci- 
cumferencc,  will  form  the  odlagon. 

ercr\c.  be  aSain  Bifedled,  a polygon  may  lie 
C 3 PRO* 
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PROBLEM  XXIII* 

F'o  infcribe  a pentagon,  or  decagon,  in  a given  circle*. 


A 


For  the  pentagon. 


1.  Draw  the  diameters  kp,  n?n  at  right  angles  to 
each  other,  and  bifeft  the  radius  o n in  r. 

2.  From  the  point  r,  with  the  diftance  r \,  defcribe 
the  arc  as,  and  from  the  point  a,  with  the  diftance 
a s,  defcribe  the  arc  s b . 

3.  loin  the  points  a,  b,  and  the  line  ab  being 
carried  five  times  round  the  circle,  will  form  the 
pentagon  required. 

For  the  decagon. 

Bifett  the  arc  ae  of  the  pentagon  in  c,  and  the 
line  a c being  carried  ten  times  round  the  circumfe- 
rence will  form  the  decagon  required. 

If  the  arc  a c be  again  bifeded,  a polygon  of  20 
fides  may  be  formed  ; and  by  another  bifedion,  a po- 
lygon of  40  fides ; and  fo  on. 


* Betides  the  figures  here  conrtruded,  and  thofe  anting 
from  thence  by  continual  bifeflions,  or  taking  the  differences, 
no  other  regular  polygon  can  be  deferibed,  from  any  known 
method  purely  geometrical.  PRO- 


PRACTICAL  GEOMETRY.  . 23 


PROBLEM  XXIV* 

In  a given  circle  to  infcribe  any  regular  polygon. 


r.  Draw  the  diameter  a b,  which  divide  into  a? 
many  equal  parts  as  the  figure  has  Tides. 

2.  From  the  points  a b,  as  centres,  with  the  radius 
a b,  defcribe  arcs^rofling  each  other  in  c. 

3.  From  the  point  c,  through  the  fecond  divifioa 
of  the  diameters,  draw  the  line  c d. 

4.  Join  the  points  a,  d,  and  the  line  a d will  be 
the  fide  of  the  polygon  required. 

Note.  In  this  conftruftion  ad  is  the  Tide  of  a 
pentagon. 

Another  method,  fomething  more  accurate,  is  by 
ere&ing  a perpendicular  from  the  centre,  of  fuch  a 
length  that  the  part  without  the  circle  fhall  be  equal 
to  \ of  that  within,  and  drawing  a line  from  its  ex- 
tremity through  the  fecond  divifion  as  before. 


* This  cdnftrudlion  is  the  invention  of  Renaldinus , and 
wa*  firft  S'vcn  >n  his  2d  Book  Dc  Rcfol.  &c.  Comp.  Matbem. 
page  367.  The  rule  for  polygons  in  general  is  only  an  ap- 
proximation, but  holds  true  in  the  equilateral  triangle  and 
hexagon.  , 

c 3 PRO- 
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PROBLEM  XXV. 

■About  a given  triangle  abc  to  circum/cribe  a circle. 


1.  Bifefl  the  two  fides  a b,  bc  with  the  perpen- 
diculars mo  and  no. 

2.  From  the  point  of  interfeftion  o,  with  the  dis- 
tance oa,  o e or  oc,  defcribe  the  circle  acb,  and  it 
will  be  that  required. 

If  any  two  of  the  angles  He  bifedled,  inftead  of  the 
fides,  the  interfedlion  of  the  lines  will  all'o  give  the 
centre  of  the  circle. 

PROBLEM  XXVI. 

About  a given  f quare  abc  D to  circum/cribe  a circle. 


1.  Draw  the  two  diagonals  ac  and  b d,  inter- 
fering each  other  in  o. 

2.  From  the  point  o,  with  the  dillance  o a,  o b, 
oc,  or  o d,  defcribe  the  circle  abcd,  and  it  will 
be  that  required. 


PRO- 
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PROBLEM  XXVII. 

To  circumscribe  a fquare  about  a given  circle . 


1.  Draw  any  two  diameters  no  and  rrn  at  right 
augles  to  each  other. 

2.  Through  the  points  morn , draw  the  lines 
a b,  bc,  c d,  and  d a,  perpendicular  to  tot  and  no, 
and  a b c d will  be  the  fquare  required.* 

PROBLEM  XXVIII. 

I 

About  a given  circle  to  circumfcribe  a pentagon. 


* If  each  of  the  quadrants  r«,  mn,  mo  and  or  bebifetted,  and 
tangems  be  drawn  to  thofe  points,  the  circumfcribing  figure 
. wilt  be  ah  oftagon. 
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1.  Infcribe  a pentagon  in  the  circle ; or,  which  h 
the  lame  thing,  find  the  points  n,  m , v,  r,  s,  as  in  Pro- 
blem XXIII. 

2.  From  the  centre  o,  to  each  of  thefe  points,  draw 
the  radii  on,  om,  ov,  or  and  os. 

3.  I hrough  the  points  n,  m,  draw  the  lines  ab,bc 
perpendicular  to  on,  om-,  producing  them  till  thev 
meet  each  other  at  e. 

4.  In  the  fame  manner,  draw  the  lines  cd,de,  e a, 
and  a b c d e will  be  the  pentagon  required. 

Ae/V.  Any  other  polygon  may  be  made  to  circum- 
fci  ibe  a circle,  by  firlt  infcribing  a fimilar  one,  and  then 
drawing  tangents  to  the  circle  at  the  angular  points. 


PROBLEM  XXIX* 

On  ci  given  line  ab  to  make  a regular  pentagon. 


1.  Make  b m perpendicular  to  a b,  and  equal  to  one 
half  of  it. 


* In  the  former  edition  of  this  work,  another  method  of 
deferibing  a pentagon  was  given,  as  firft  propofed  by  Albertvs 
Durer,  in  his  Geometry,  p.  55,  printed  1532  j but  as  that  is 
only  an  approximation,  and  is  not  more  cafy  in  prafticc  than 
the  prefent  one,  which  is  perfectly  accurate,  it  is  here  omitted. 

• 2.  Draw 
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2.  Draw  a m,  and  produce  it  till  the  part  mn  is 
equal  to  b m. 

3.  From  a and  b as  centres,  with  the  radius  b n, 
defcribe  arcs  cutting  each  other  in  0. 

4.  And  from  the  point  0,  with  the  fame  radius,  or 
with  0 a,  or  0 b,  defcribe  the  circle  a b c d b. 

5.  Apply  the  line  a b five  times  round  the  circum- 
ference of  this  circle,  and  it  will  form  the  pentagon  *■ 
required. 

Note.  If  tangents  be  drawn  • through  the  angular 
points  a,  b,  c,  d,  e,  a pentagon  circumfcribing  the  - 
circle  will  be  formed  ; and  if  the  arts  be  bife&ed,  a 
circumfcribing  decagon  may  be  formed. 

PROBLEM  XXX. 

On  a given  line  ab  to  make  a regular  hexagon*  - 


1.  From  the  points  a,  b as  centres,  with  the  radius- 
a b,  defcribe  arcs  cutting  each  other  in  0. 

2.  And  from  the  point  o,  with  the  diflance  o a or 
o b,  defcribe  the  circle  abcdef, 

3.  Apply  the  line  a b fix  times  round  the  circurn- 
icrence,  and  it  will  form  the  hexagon  required.* 


* I his  confiru£tion  is  founded  on  the  principle,  that  the 
radms  of  every  circle  is  equal  to  the  ficie  of  its  inferibed  hexa- 
gon, ot  the  chord  of  6o°. 

Cj 
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i PROBLEM  XXXI. 

On  a given  line  ab  to  form  a regular  o£iagon. 


*■••  :F  El.-*' 


1.  On  the  extremes  of  the  given  line  a b ereft  the 
indefinite  perpendiculars  af  and  be. 

2.  Produce  a b both  ways  to  m and  n,  and  bifeft 
the  angles,  m af  and  n be  with  the  lines  a h and 
b c. 

3.  Make  a h and  b c each  equal  to  ab,  and  draw 
hg,  cd  parallel  to  a f or  b e,  and  alfo  each  equal 

tO  A B. 

4.  From  g,  d,  as  centres,  with  a radius  equal  to  ab, 

defcribe  arcscroffing  af,  b e,  in  f and  e;  and  if  g f, 
f e,  and  e d,  be  drawn,  abc  defgh  will  be  the 
odtagon  required.  ‘ 

PROBLEM  XXXII. 

To  make  a figure  fimilar  to  a given  figure  a b cd  b. 


1.  Take  a l equal  to  the  fide  of  the  figure  required, 
and  from  the  angle  a draw  the  diagonals,  a c,  ad. 

v 4 2.  From 
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2.  From  the  points  b,  c,d draw  be,  eel,  de  parallel 
to  bc,  c d,  dc,  and  a bede  will  be  limilarto  abode. 

The  fame  thing  may  alfo  be  done  by  making  the 
angles  b,e,d,ere{pe£tively  equal  to  the  angles  b,c,  d,e. 


PROBLEM  XXXIII. 

. . / 

To  make  a triangle  equal  to  a given  trapezium  ab  CD, 


1.  Draw  the  diagonal  d b,  and  make  ce  parallel 
to  it,  meeting  the  fide  a b produced  in  e. 

2.  Join  the  points  d,  e,  and  ade  will  be  the  tri- 
angle required. 


PROBLEM  XXXIV. 


7 o make  a triangle  equal  to  any  right  lined  Jigure 
ABODE  A, 


J> 


1.  Produce  the  fide  a b both  ways  at  pleafure. 

2.  Draw  the  diagonals  da,  de,  and  parallel  to 
them  the  lines  e f and  c o. 

C 6 - 


3-  Join 
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3.  Join  the  points  Df,  d g,  and  d v g will  be  the 
triangle  required. 

And  in  nearly  the  fame  manner  may  any  right  lined 
figure  whatever  be  reduced  to  a triangle. 


PROBLEM  XXXV* 

To  make  an  an  vie  of  any  propofed  number  of  degrees » 


1 . Take  the  firft  60  degrees  from  the  fcale  of  chords, 
and  from  the  point  a,  with  this  radius,  deferibe  the 
arc  nm. 

2.  Take  the  chord  of  the  propofed  number  of 
degrees  from  the  fame  fcale,  and  apply  it  from  n 
to  m. 

3.  From  the  point  a draw  the  lines  a » and  a m, 
and  they  will  form  the  angle  required. 

Note.  Angles  greater  than  90°  are  ufually  taken  at 
twice. 


* The  line  of  chords  made  ufe  of  in  the  following  problems, 
Is  commonly  put  upon  the  plain  fcale,  and  is  adapted  to  90 
degrees,  or  the  fourth  part  of  a circle. 

For  a defeription  of  this,  and  other  inrtruments  made  ufe 
of  in  Practical  Geometry,  fee  Mr.  Robe  rtf  mi's  Treat  ft  on  fueb 
mathematical  infiruments  as  are  ufually  put  into  a portable  cafe. 

■:  4 PRO- 
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PROBLEM  XXXVI. 


Any  angle  b AC  being  given,  to  find  the  number  of 


1.  From  the  angular  point  a,  with  the  chbrd  of 
60  degrees,  deferibe  the  jire  n m,  cutting  the  legs  in 
the  points  n and  m. 

2.  Take  the  diftance.«/«,  and  apply  it  to  the  fcale 
of  chords,  and  it  will  (hew  the  degrees  required. 

Note.  When  the.diftance  nm  is  greater  than  90°,  it 
muft  be  taken  at  twice,  as  before. 

PROBLEM  XXXVII. 

In  a given  circle  to  inferibe  a polygon  of  any  propofed 
number  of  fides. 


* Both  this  and  the  laft  problem  may  be  performed  by 
means  of  a pretrattor , which  is  a graduated  arc  defigned  for 
that  purpofe, 

1.  Divide 
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1.  Divide  360°  by  the  number  of  Tides,  and  make 
an  angle  a o b,  at  the  centre,  whofe  meafure  lhall  be 
equal  to  the  degrees  in  the  quotient. 

2.  Join  the  points  a b,  and  apply  the  chord  a b to 
the  circumference  the  given  number  of  times,  and  it 
will  form  the  polygon  required. 

PROBLEM  XXXVIII. 

On  a given  line  a e to  form  a regular  polygon  of  any 
propofed  nutnber  of  fides. 


1.  Divide  360°  by  the  number  of  Tides,  and  fub- 
tradl  the  quotient  from  1 80  degrees. 

2.  Make  the  angles  abo  and  bao  each  equal  to 
half  the  difference  laft  found. 

3.  From  the  point  of  interfedlion  0,  with  the  dis- 
tance 0 a or  o b , defcribe  a circle. 

4.  Apply  the  chord  a b to  the  circumference  the 
propofed  number  of  times,  and  it  will  form  the  poly- 
gon required.* 


* By  this  method  the  circumference  of  a circle  may  alfo  be 
divided  into  any  number  of  equal  parts  j for  if  3600  be  divided 
by  the  number  of  parts,  and  the  angle  a o b be  made  equal  to 
the  degrees  in  the  quotient,  the  arc  a b will  be  one  of  the  equal 
parts  required. 
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PROBLEM  XXXIX* 

Upon  a given  right  line  as  to  defcribc  a regular  pentagon. 


1.  Produce  a b towards  n,  and  at  the  point  b make 
the  perpendicular  b m equal  to  a b. 

2.  Bifedt  a b in  r,  and  from  r a centre,  with 
the  radius  r m,  defcribe  the  arc  m n,  cutting  ab 
in  n. 

3.  From  the  points  a and  b,  with  the  radius  An, 
defcribe  arcs  cutting  each  other  in  d. 

4.  And  from  the  points  a,  d and  b,  d,  with  the 
radius  a b,  defcribe  arcs  cutting  each  other  in  c 
and  e. 

5.  Join  ec,  dc,  d e and  e a,  and  abcde  will 
be  the  pentagon  required. 

This  method  differs  but  little  from  that  of  Problem 
xxix,  and  is  equally  eafy  and  convenient  in  practice. 


* This  and  the  following  problem  were  r.ot  given  in  the 
firft  Edition  of.  this  work,  but  are  now  added  on  account  of 
their  elegance  and  utility.  The  fecond  is  derived  from  the 
47th  Prop.  B.  I.  Euclid’s  Elements,  and  the  firft  is  propofed 
for  a demonftration  in  the  Ladies  Diary  for  the  year  1786. 


PRO- 
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PROBLEM  XL. 

To  t aife  a perpendicular  from  any  paint  B in  a pi-ven 
line  as. 

C 


A 

1.  From  any  fcale  of  equal  parts  take  a diftance 
equal  to  3 divifions,  and  fet  itfrom  3 to  m. 

2.  And  from  the  points  b and  m,  with  the  diftanccs 
4 and  5,  taken  from  the  fame  fcale,  deferibe  arcs 
cutting  each  other  in  ». 

3.  Through  the  points  n,  b,  draw  the  line  b c,  and 
it  will  be  the  perpendicular  required. 

V 

Explanation  of  the  charaSiers  made  ufe  cf  in  the  fol- 
lowing part  of  the  Work. 


+ Is  the  fign  of  addition. 


of  fubtradfion. 

■ ur  hi uiiipiicu cion* 

— uiv  jJiuii.  . 

V 

v'  

Lilt  JV^UrllC  IUUU 

of  the  cube  root. 

of  equality, 
of  proportion. 
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SUPE  RFIC  IE  S. 

THE  area  of  any  figure  is  the  meafure  of  its  Sur- 
face, or  the  fpace  contained  within  the  bounds 
of  that  furface,  without  any  regard  to  thicknefs. 

A fquare  whofe  fide  is  one  inch,  one  foot,  or  one 
yard,  & c.  is  called  the  me  a faring  unit,  and  the  area  or 
content  of  any  figure  is  computed  by  the  number  of 
thofe  fquares  contained  in  that  figure. 

PROBLEM  I. 

<T<?  find  the  area  of  a parallelogram  ; whether  it  It  ct 
fquare,  a rectangle,  a rhombus,  or  a rhomb  (tides. 

RULE.* * 

Multiply  the  length  by  the  perpendicular  height, 
and  the  produtt  will  be  the  area. 

e x a m- 


D C 

* Take  any  rettangle  a b c d, 
artd  divide  each  of  its  Tides,  re- 
fpedtively,  into  as  many  equal  parts 
as  is  exprefled  by  the  number  of 
times  they  contain  the  linear  mea- 
furing  unit,  and  let  all  theoppofite 
points  of  divifion  be  connected  by 
right  lines,  Then,  it  is  evident,  that  thefe  lines  divide  the 

rcftangle 
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examples. 

*•.  Required_the  area  of  the  fquare  a bcd  whofe 
fide  is  5 feet  9 inches. 


Here  5 fe.  9 in.—  5.7 5 ; W5T75  *=5.7 5*  j.75^ 
33<°025  feet — 'blfe-  oitt.  g pa.  — area  required. 


re&angle  into  a number  of  fquares  each  equal  to  the  fuperficial 
rr.eafuring  unit,  and  that  the  number  of  thefe  fquares,  or  the 
area  of  the  figure,  is  equal  to  the  number  of  linear  meafuring 
units  in  the  length,  as  often  repeated  as  there  are  linear  mea- 
furing units  in  the  breadth  or  height,  that  is  equal  to  the 
length  multiplied  by  the  height,  which  is  the  rule. 

And  fince  a reftangleYs  equal  to  an  oblique  parallelogram 
/landing  upon  the  fame  bafe,  and  between  the  fame  parallels, 
(Euc.  I.  35,)  the  rule  is  true  for  any  parallelogram  in  general. 
QJE.  D. 

% 

Rule  II.  If  any  two  fides  of  a parallelogram  be  multiplied 
together,  and  the  product  again  by  the  natural  fine  of  their 
included  angle,  the  lafl  produft  will  give  the  area  of  the 
triangle.  1 hat  is  a n x b c x nat.  fine  of  the  angle  n — area. 

Note.  Recall  fe  the  angles  of  a fquare  and  redtangle  are  each 
9°°y  whofe  natural  fine  is  unity,  or  1,  the  rule  in  this  cafe  is 
the  fame  as  that  given  in  the  text. 


2.  Re* 
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2.  Required  the  area  of  the  redtangle  abco, 
whofe  length  a b is  13.75  chains,  and  breadth  b c 
9.5  chains. 


D 


A 

Here  1 3.75  X 9.5  ~ 130.625;  and  — — 

1 3.0625  acres  — 13  ac.  o ro.  10  'po.  — area  required. 


3.  Required  the  area  of  the  rhombus  a b c d, 
whofe  length  ab  is  12  ft.  6 in.  and  its  height  n £ 
S/e.  3 in. 


D C 


Here  1 2 fe.  6 in.  = 12.5,  aW  gfe.  3 = 9.2;  j 

12.5  X 9.25  ==  1 15.625  feet.  = 115  fe, 
7 in.  6 pa.  — area  required. 

4.  What  is  the  area  of  the  rhomboides  a b c d, 
whofe  length  a b is  10.52  chains,  and  height  d a 
7.63  chains  ? 


Here 
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Here  10.52  X 7.63  = 80.2676;  and—~^ ~ 80.2676 

acres ~8  ac.  o ro.  4 po.  —area  required.  ~ 

5.  What  is  the  area  of  a fquare  whofe  fide  is 

35.25  chains  ? ac.  re.  ^0. 

Artf  124  1 1 

6.  What  is  the  area  of  a fquare  whofe  fide  is  8 feet 

\ inches  ?•  fe. 

69  5 4 

7.  What  is  the  area  of  a rediangle  whofe  length  is 
14  feet  6 inches,  and  breadth  4 feet  9 inches? 

fe.  in.  pa,. 
Anf.  68  10  6* 

8.  Required  the  area  of  a rhombus,  the  length  of 
whofe  fide  is  12.24  feet>  and  height  9.16  feet. 

fe.  in.  pa. 
Anf.  1 1 2 1 5 

9.  Required  the  area  of  a rhomboides  whofe  length, 
is  10.51  chains,  and  breadth  4.28  chains. 

ac.  ro.  p. 
Anf  a,  1 39 

10.  What  is  the  area  of  a rhomboides  whofe  length 
is  7 feet  9 inches,  and  height  3 feet  6 inches? 

fe.  in.  pa. 
Anf  17  1 6 

1 1.  To  find  the  area  of  a rcdlangular  board,  whofe 
length  is  1 z\  feet,  and  breadth  9 inches. 

Anf  9 1 feet . 
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PROBLEM  II, 

To  find  the  area  of  a triangle. 

RULE.* 

Multiply  the  bale  by  the  perpendicular  height,  and 
half  the  produft  will  be  the  area. 

EXAMPLES. 

i.  Required  the  area  of  the  triangle  a b c,  whofe 
-bafe  a b is  to  feet  9 inches,  and  height  d c 7 feet 
3 inches. 


C 


Here  10  fie.  9 in.—  IO.75,  and 7 fie.  3 in.  — 7.25  ; 

1 7.Q  27^ 

Whence  IO.75  X 7.25  =77.9375,  tfwrf'  -t — =2 

38.^6875/^  = 38/^.  1 I in  7 j pa.zz  area  required. 

z.  What  is  the  area  of  a triangle  whofe  bafe  is 
18  feet  4 inches,  and  height  1 1 feet  10  inches  ? 

fe.  in.  pa. 
Anf.  108  5 S 


* A triangle  is  half  a parallelogram  of  the  fame  bafe  and 
altitude,  (£uc.  J.  41.)  and  therefore  tho  truth  of  the  rule  is 
evident. 


3.  What 
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3.  What  is  the  area  of  a triangle  whole  bafe  is 

16.75  feet>  and  height  6.24  feet?  fe.  in.  fa, 

■An/.  52  3 1 

4.  Required  the  area  of  a triangle  whofe  bafe  is 
12.25  chains,  and  height  8.5  chains.  ac.  ro.  fe, 

M-s  ° 33 

5.  What  is  the  area  of  a triangle  whofe  bafe  i* 

20  feet,  and  height  10.25  ? Anf  102.5  fe" 

PROBLEM  III. 

To  find  the  area  of  a triangle  whofe  three  fides  only  are 
given.* 

RULE. 

1 . From  half  the  fttm  of  the  three  fides  fubtratt  each 

fide  feverally.  «*■„ 

2.  Multiply  the  half  fum  and  the  three  remainders 
continually  together,  and  the  fquare  root  of  the  pro- 
dudt  will.be  the  area  required. 

' ' - E X A M- 


* Demon,  Let  ac  — a,  a b ~ b,  b c — c,  and  a d — x: 
(See  preceding  fig.)  Then,  fince  b d — b — x,  we  (hall  have 
(1 — — xf) r—  c D1  — a-  — A-5, ore1 — A1 4"  2 bx  — X-  — a1  — x1 

az+b*-  — c* 

from  which  x is  found  — 7 by  tranf.  and  reduction. 


But  CD1—  AC1—  A Bz  — AC  + A D X A C — A D — 
,,24.  A*  — cl_  a'L^-b't  — r1>  2 ,ib az + b*  — c* 

(a  + 71  ) x 7b  ^ ” 7b~ 

iab  — az — bl+cl  (<*  + b)1 — c’1  c1 — ( a — b)1 

* ~ 7b = 7b  x 77b  5 

Whence  cd  — — v'  4*  bl — r1)  X (c2,  — a — b1,)  and 

2.  e 

p the 
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O F 


EXAMPLES. 

I.  Required  the  area  of  the  triangle  abc,  whofe 
three  Tides  e c,  c a and  a b,  are  24,  36,  and' 
48  chains  refpedHvely. 

C 


24+36  + 48  108 

Here  — =5  4 —^fum  of  the files ; 

2 2 

Alfo  54—24=  30  fir f d iff.  54  — 36=  1 3 fecmid  'Jiff, 
and  54 — 48=6  third  dijf. 

Whence  4/  54  X 30  X 18  X 0=  4/174960  = 418.043  = 
area  required. 


2.  Re- 


the  area  j-  a b x c d = j y'  : (a  + h*—  c})  y (ci—4~bl) 

— i (a  + b + c X a b — cXc  + a— bye  — a-\-b) 
« + 4+  ( a 4-  b — c i +a’ — b • r — a A-  b 

= ^ < 4 X 2 X ——  * ~T~>) 

which,  by  making  s = i X (a  + A + t)  becomes  = 

(s  x 1 — r X J — by  a — a)  = algebraical  exprtflion  for 
the  rule,  as  was  to  be  dcmonflratcd. 

Cor.  1.  If  1 be  put  equal  to  a + b and  d — b <s>  e,  the  rule  is 
«/  (71  — flf)  X («*— dK) 


Cor. 


■ 


4?  MENSURATION 

2.  Required  the  area  of  a triangle  whofe  three  Tides 

are  13,  14  and  15  feet.  Anf.  Z\fiuare fttt. 

3.  How  many  acres  are  there  in  a triangle  whofe 
three  Tides  are  49.00,  50,25  and  25.69  chains? 

' Anf.  61.498  ac. 

4.  Required  the  area  of  a right  angled  triangle, 

whofe  hypothenufe  is  50,  and  the  other  two  fides 
30  and  40.  Anf.  600, 

5.  Required  the  area  of  an  equilateral  triangle  whofe 

fide  is  25.  Anf  270.625. 

6.  Required  the  area  of  an  Ifofceles  triangle  whofe 
bafe  is  20,  and  each  of  its  equal  fides  15. 

Anf.  1 1 1.803. 

7.  Required  the  area  of  a triangle  whofe  three  fides 
are  20,  30,  and  40  chains. 

Anf.  29  ac.  7 /#. 


PROBLEM  IV. 

Any  two  fides  of  a right  angled  triangle  being  given  ■ • 
find  the  third  fide. 


Cor.  2.  If  all  the  fides  be  equal,  the  rule  will  become  5 az 
*/  3,  or-jfl1  X r.732  for  the  equilateral  triangle  whofe  fide  is  a. 
Cor.  3.  If  the  triangle  be  right  angled,  a being  the  hypotlie- 
a -\-  b + c a b + c 

nufe,  the  rule  will  be  X , or  2 f>  X 

2/>  — a,  putting/-  for  the  perimeter. 

Rule  II.  Any  two  fides  of  a triangle  being  multiplied  toge- 
ther, and  the  product  again  by  half  the  natural  fine  of  their 
included  angle,  will  give  the  area  ol  the  triangle. 

'That  is,  a c X e b x nat.  fine  of  the  angle  c — twice  area. 


RULE. 
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RULE* 

1.  When' the  two  legs  are  given,  to  fin d the  hypothe- 
nufe. 

Add  the  fquare  of  one  of  the  legs  to  the  fquare  of 
the  other,  and  the  fquare  root  of  the  fum  will  be  equal 
to  the  hypothenufe.  ** 

2.  If 'hen  the  hypothenufe  and  one  of  the  legs  are  given, 
to  find  the  other  leg. 

From  the  fquare  of  the  hypothenufe  take  the  fquare 
of  the  given  leg,  and  the  fquare  root  of  the  remainder 
will  be  equal  to  the  other  leg. 


examplesI 

* -r  ^ j16  anSIed  triangle  abc,  the  bafe  a b 
is  56,  and  the  perpendicular^  c 33  : what  is  the  hy- 
pothenufe? 


Here  56* + 33*=  3 > 36+  1089=42  *5  5 and  V \Zl  C 
— 6 J — hypothenufe  AC. 

2.  If  the  hypothenufe  a c be  53,  and  the  bafe  a b 
45  : what  is  the  perpendicular  b c ? 


By  Euc.  47.  1.  a b*  q-  b c * — a or  a c1— . a b1  — 
bc;  and  therefore  — 

» c,  or  v'  a c1—  n tl-  a r.  which  is  the  fame  as  the  rule. 

D Here  ' 


jo  MENSURATION 

Here  531— 45*^2809— 2025=784;  and  v/784— 
28  "^.perpendicular  B c. 

3.  The  bafe  of  a right  angled  triangle  is  77,  and 
the  perpendicular  36  : what  is  the  hypothenufe  ? 

Anf.  85. 

4.  The  hypothenufe  of  a right  angled  triangle  is 
109,  and  the  perpendicular  60 : what  is  the  bafe  ? 

Anf.  91. 

5.  It  is  required  to  find  the  length  of  a fhoar,  which 
ffrutti'ng  12  feet  from  the  upright  of  a building,  will 
fupport  a jaumb  20  feet  from  the  ground. 

Anf  23.32380 feet. 

6.  The  height  of  a precipice,  ftanding  clofe  by  the 

fide  of  a river,  is  103  feet,  and  a line  of  320  feet  will 
reach  from  the  top  of  it  to  the  oppofite  bank  ; required 
the  breadth  of  the  river.  A7if  302.9703  feet. 

7.  A ladder  50  feet<ong,  being  placed  in  aftreet, 
reached  a window  28  feet  from  the  ground,  on  one 
fide  ; and  by  turning  it  over,  without  removing  the 
foot,  it  reached  another  window,  36  feet  high  on  the 
other  fide  1 required  the  breadth  of  the  flreet. 

Anf  76.1233335  feet. 

PROBLEM  V. 

To  fnd  the  area  of  a trapezium. 

RULE.* 

Multiply  the  diagonal  by  the  fum  of  the  two  per- 
pendiculars falling  upon  it  from  the  oppofite  angles, 
and  half  the  produtt  will  be  the  area. 


B E X » F 


» Demon . The  area  of  the  triangle  b d e is  — 

BE  X AC 

and  the  area  of  the  triangle  bai  is  r a > 


and 


there 


4 
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EXAMPLES. 

I.  Required  the  area  of  the  trapezium  baed, 
whofe  diagonal  b e is  84,  the  perpendicular  ac  21, 
and  d f 28. 


D 


Are  28+21x84=49x84=4116;  and± 

2 

2058  the  area  required. 

. 2-  Required  the  area  of  a trapezium  whofe  diagonal 
is  80.5,  and  the  two  perpendiculars  24.5  and  30.1. 

3.  What  is  the  area  of  a 
is  1 08  feet  6 inches,  and  t 
3 inches,  and  60  feet  9 incl 


Anf.  2197.65. 
trapezium  whole  diagonal 
he  perpendiculars  56  feet 
es  ? Anf.  6347./*.  3 in. 


therefore  the  fum  of  thefe  areas,  or  the  area  of  the  whole  trapc- 
gmm  is  ~ L-.X”  F ■ * * * A c df+ac 

2 ^ l — XBt,  QJJ.D. 

K the  trapezium  can  be  infcribed  in  a circle;  that  is  if 

*^crIf“m  of  it*  oppofite  angles  is  equal  to  two  right 

angles,  or  1800,  the  area  may  be  found  thus  • S 

fevtall'y  ^tZ  mulr h 1 *7  °/  ^ f0Ur  f'deS  fubtraft  each 
n,*  mult,ply  tbe  [our  rcmaindcrs  continually  toge. 
ther,  and  the  fquare  root  of  the  produft  will  be  the  area.  & 


PRO. 


5* 


MENSURATION 


PROBLEM  VI. 

To  find  the  area  of  a trapezoid,  or  a quadrangle , two 
of  whofie  oppofite  fides  are  parallel. 

R U L ET* 

Multiply  the  fum  of  the  parallel  fides  by  the  per- 
pendicular diftance  between  them,  and  half  the  pro- 
tludl  will  be  the  area. 

t 

EXAMPLES. 

i.  Required  the  area  of  the  trapezoid  abcd,  whofe 
fides  a is  and  dc  are  321.51  and  Z14.Z4,  and  per- 
pendicular n e 171.16. 


D C « 


Here  321 .5  1 -f  z 14.24=535.75  Tz  Jum  of  the  parallel 

fides  A B,  DC." 


. A B X D e 

* Dcmort.  The  A a n d is  — , and  the  A bcd 


d c X b n 


n c X t>  e 


, or  (tecaufe  . Therefore 

A a b d + A bcd,  or  the  whole  trapezoid  a b c s,  is  ^ 

q,e,d. 

a a a 


Whence 
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W'Jfaf#  53575  X 171.16  (/&/«■/.  de)  =91698. 9700 ; 

213^2222 ^45849.485  «r*«  required. 

2.  The  parallel  fides  of  a trapezoid  are  12.41  and 

1.22  chains,  and  the  perpendicular  diftance  5.15 
xhains ; required  the  area.  ac.ro.  po. 

Anf  5 I 9 

3.  Required  the  area  of  a trapezoid  whofe  parallel 

fides  are  2 3 feet  6 inches  and  1 8 feet  9 inches,  and  the 
perpendicular  diftance  10  feet  5 inches?  fe.  in.  fa. 

Anf.  230  5 7 

4.  Required  the  area  of  a trapezoid  whofe  parallel 

fides  are  20.5  and  12.25,  and  perpendicular  diftance 
10.75.  Anf  176.03125. 

PROBLEM  VII. 

^ t 

To  find  the  area  of  a regular  polygon. 

RULE* 

Multiply  half  the  perimeter  of  the  figure  by  the 
perpendicular  falling  from  its  centre  upon  one  of  the 
fides,  and  the  produdlwill  be  the  area. 

Note.  The  perimeter  of  any  figure  is  the  fum  of  all 

it*  fides. 

EXAM* 


* Demon.  Every  regular  polygon  is  compofed  of  as  many 
equal  triangles  as  it  has  fides,  confequently  the  area  of  one  of 
thofe  triangles  being  multiplied  by  the  number  of  fides  mull 
give  the  area  of  the  whole  figure;  but  the  area  of  either  of 
the  t-iangles  is  equal  to  the  ledlangle  of  the  perpendicular  and 
half  the  bafe,  and  therefore  the  reftangle  of  the  perpendicular 

D 3 and 
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EXAMPLES. 

I.  Required  the  area  of  the  regular  pentagon 
a b c d e whofe  fide  a b,  or  b c,  &c.  is  25  feet,  and 
perpendicular  op  17.2  feet? 


D 


Htrt — ^ ” 6 2. 5 ~ half  f trimeter ; «»</  62.5  X 1 7- 2 

2 

~ 1 07  5 fquare  feet  ; = n/va  required. 

2.  Required  the  area  ef  a hexagon  whofe  fide  is 
14.6  feet,  and  perpendicular  12.64  feet? 

Anf  553.632  fquare  feet. 

3.  Required  the  area  of  a heptagon  whofe  fide  is 
ia.28,  and  perpendicular  from  the  centre  20? 

* Anf.f  356.6. 

4.  Required  the  area  of  an  odtagon  whole  fide  is 

9.941,  and  perpendicular  12  ? Anf.  477.168. 


and  half  the  fum  «f  the  fides  is  equal  to  the  area  of  the  whole 
polygon : thus,  0 r x ~ is  r:  area  of  the  A a o b,  and 

or  X — area  of  the  polygon  a b c d e.  Q^E.  D. 

PRO- 
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PROBLEM  VIII. 

To  find  the  area  ofi  a regular  polygon,  when  the  fide 

July  is  given.  ■ i 

RULE.* 

Multiply  thefquareof  the  fide  of  the  polygon,  by  the 
number  Handing  oppofite  to  its  name  in  the  following 
table,  and  the  produft  will  be  the  area. 


N°of 

fides. 

Names. 

Multipliers. 

3 

Trigonor  equil.  A 

0.433013- 

4 

Tetragon  or  fquare 

1.000000+ 

5 

Pentagon 

1.720477  + 

6 

Hexagon 

2.598076  + 

7 

Heptagon 

3.633912  + 

8 

Odlagon 

4.828427  + 

9 

Nonagon 

6.181824+ 

10 

Decagon 

7.694209— 

11 

Undecagon 

9.365640- 

12 

Duodecagon 

1 1.196152  + 

IXAM. 


* Dcrntn.  The  multipliers  in  the  table  are  the  areas  o$  the 
polygons  to  which  they  belong  when  the  fide  is  unity  or 

Whence  as  all  regular  polygons,  of  the  fame  number  of 
fides,  are  fimilar  to  each  other,  and  as  fimilar  figure^  are 
as  the  fquares  of  their  like  fides,  (Euc.  VI.  20.)  i*  : multi- 
plier in  the  table  ” fquare  of  the  fide  of  any  polygon  : area  of 
that  polygon ; or,  which  is  the  fame  thing,  the  fquare  of  the 
fide  of  any  polygon  x by  its  tabular  number  is  — area  of  the 
polygon.  Q^E.  D. 

The  table  is  formed  by  trigonometry  thus : As  radius  — 1 : 

, . b p x tang.  Z.01P 

tang.  i.  obp  : t b p (l)  : p 0 = = \ 

tang,  /.obp;  whence  0 p X b p — J tang,  /.ojpr  area 

D 4 of 
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EXAMPLES. 

i.  Required  the  area  of  a pentagon  whole  fide  is 

• * 

*5 

>5 


75 

15  ' 

225  = fquare  of  the  fide. 

1 .720477  —area,  'when  the  fide  is  1. 

2Z5 


8602385 

344°95+ 

344°954 


287.107325— area  required. 


of  the  A a o b ; and  J tang.  /.  o b p x number  of  tides  zz 
tabular  number,  or  the  area  of  the  polygon. 

The  angle  os?,  together  with  its  tangent,  for  any  polygon 
of  not  more  than  12.  tides,  is  /hewn  in  the  following  table. 


NO  of 
tides. 

Names. 

0 B F 

Tangents. 

3 

1 rigon 

3°° 

•57735+ 3 

4 

Tetragon 

45° 

i.oooco  + ~ 1 X t 

' t 

Pentagon 

S4° 

1.7767?+=  v^i+l^  5 

6 

Hexagon 

6c° 

1.7  -52.05  + = v'  3 

7 

Heptagon 

°4-  7 

4.07652  + 

8 

O(f>agon 

67°! 

2.4x421  + = 1 + */2 

9 

Non  agon 

70° 

2.74747  + 

IC. 

Decagon 

72° 

3.07768  + = ✓ j + 2 v 5 

I 1 

Undecagor. 

n'fr 

3.4C56S  + 

T2 

Duodccagon 

7S° 

3.73205+  =2+  v'  7 

4 


2.  The 
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2.  The  fide  of  a hexagon  is  5 feet  4 inches ; what 

is  the  area  ? AnJ.  73*9* 

?.  Required  the  area  of  an  oftagon  whole  hde  is 
,6?  Anf.  1236.0773. 

4.  Required  the  area  of  a decagon  whole  fide  is 
20.5?  An/.  3233.4913. 

PROBLEM  IX. 

7 he  diameter  of  a circle  being  given  to  find  the  circum- 
ference ; or,  the  circumference  being  given  t»  fnd  the  dia- 
meter. / 

RULE  I * 

As  7 is  to  22,  fo  is  the  diameter  to  the  circumfe- 
rence. Or,  as  22  is  to  7,  fo  is  the  circumference  to 
the  diameter. 

EXAM* 


* The  proportion  of  the  diameter  of  a circle  to  its  circum- 
ference has  never  yet  been  exattly  attained.  Nor  can  a fquare, 
or  any  other  right  lined  figure,  be  found,  that  (hall  be  equal 
to  a given  circle.  This  is  the  celebrated  problem  called  the 
fyuaring  of  the  circle,  which  has  exercifed  the  abilities  of  the 
greatefl  mathematicians  for  ages,  and  been  the  occafion  of  fo 
, many  endlefs  difputes.  Several  perfons  of  confiderable  emi- 
nence have,  at  different  times,  pretended  that  they  had  dif- 
covcred  the  exaft  quadrature  ; but  their  errors  have  foon  been 
detefted,  and  it  is  now  generally  looked  upon  as  a thing  im- 
poffible  to  be  done. 

But  though  the  relation  between  the  diameter  and  circum- 
ference cannot  be  accurately  exprefled  in  known  numbers,  it 
may  yet  be  approximated  to  any  alfigned  degree  of  exaftnefs. 
And  in  this  manner  was  the  problem  folved  by  the  great  Archi- 
medes, about  two  thoufand  years  ago,  who  difeovered  the  pfcopor- 
tion  to  be  nearly  as  7 is  to  22,  nvbirb  is  the  fame  as  cttr.jirjl  rule. 

•This  he  cffefled  by  (hewing  that  the  perimeter  of  a circnm- 
feribed  regular  polygon  of  192  fides  is  to  the  diameter  in  a lefs 
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MENSURATION 


EXAMPLES. 

i.  If  the  diameter  a b of  a circle  be  9,  what  is  the 
circumference  ? 


circumference  required. 


7 

2.  If 


ratio  than  that  of  3!°  to  1,  and  that  the  perimeter  of  an  in- 
ferred polygon  of  96  Tides  is  to  the  diameter  in  a greater  ratio 
than  that  of  3^  to  1,  and  from  thence  inferred  the  ratio  above- 
mentioned  ; as  may  be  feen  in  his  book  de  dmenfione  circuit. 
The  fame  proportion  was  alfo  difeovered  by  Pbilo  Gedarenfs , 
and  Apollonius  Pergaus , at  a ftill  earlier  period,  as  we  are  in- 
formed by  Eutocius,  in  his  obfervations  on  a work  not  come  to 
cur  hands,  called  Ocyteboos. 

The  proportion  of  Vieta  and  Metius  is  that  of  113  to  355, 
which  is  fomething  more  exadt  than  the  former,  and  is  tbt 
fame  as  the  fccond  rule. 

This  is  a very  commodious  proportion  ; for  being  reduced 
into  decimals,  it  agrees  with  the  truth  as  far  as  the  fixth  figure 
inclufively.  It  was  derived  from  the  pretended  quadrature  of 
a M.  Van-eick,  which  firft  gave  rife  to  the  difeovery. 

But  the  firft  who  afeertained  this  ratio  to  any  great  degree 
of  exadtnefs  was  Van  Ceulen,  a Dutchman,  in  his  book  de  C/r- 
culo  & Adfcriptis.  He  found  that  if  the  diameter -of  a circle 
was  x,  the  circumference  would  be  3,141 5926535^9793a3s 
a6i6433832'795028$’4  nearly  j which  is  exadtly  uue  to  36 

places 
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2.  If  the  circumference  of  a circle  adbc  be  36  feet, 
what  is  the  diameter  ? 

22  : 7 : : 36 

7 

22)252(11  £ feet,  the  diameter . 

22 

32  - 

22 


10 


Or 


36X  7 
22 


18  X7_  126 

1 1 ~ 11 


I iTsT  nr  before: 

RULE 


places  of  decimals,  and  was  effedled  by  means  of  the  continual 
bife&ion  of  an  arc  of  a circle,  a method  fo  exceedingly  trou- 
blefome  and  laborious,  that  it  mu  ft  have  coil  him  incredible 
pains.  It  is  laid  to  have  been  thought  fo  curious  a perform- 
ance, that  the  numbers  were  cut  on  his  tomb-fione,  in  St.  Peter's 
Cburcb  yard,  at  Leyden.  This,  halt  number  has  fince  been  con- 
firmed, and  extended  to  double  the  number  of  places,  by  the 
late  ingenious  Mr.  Abraham  Sbary,  of  Little  Horton,  near  Brad- 
ford, in  Torkjhire. 

But  fince  the  invention  ef  Fluxions,  and  the  Summation  of 
Infinite  Series,  there  have  been  feveral  methods  found  out  for 
doing  the  fame  thing  with  much  more  eafe  and  expedition. 
Thj  late  Mr.  Jikn  Macbin,  Profejfur  of  Afironomy  in  Crefioam 
College,  has,  by  thefe  means,  given  a quadrature  of  the  circle 
which  is  true  to  too  places  ol  decimals  ; and  M.  D c Lagny,  M: 
Euler,  lee.,  have  carried  it  ftill  farther.  All  of  which  propor- 
tions are  fo  extremely  near  the  truth,  that  except  the  ratio  could 
be  completely  obtained,  we  need  not  wifh  for  a greater  degree 
of  accuracy. 

The  method  of  obtaining  this  proportion  from  bite  doflrine 
of  fluxions  may  be  fhewn  as  follows ; 

D 6 


Let 
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MENSURATION 
RULE  II. 

As  113  is  to  355  fo  is  the  diameter  to  the  circum- 
ference.. Or,  as  355  is  to  113  fois  the  circumference 
to  the  diameter. 

examples.  . 

. 1 • The  diameter  of  a circle  is  9 feet;  what  is  the 
Circumference  ? 

Here,  as  1 1 3 : 355  : : 9 : 2S  — . 

”3 


nr  3 *>5  * 9 — 3195  jn  . 

' ii"  — “ . — 23.27—  circumference. 

J 1 j 


If 


Let  r — radius,  x — abcifia,  or  verfed  fine,  y — ordinate,  or 
fine,  and  z~  length  of  the  arc. 

Then  2 r — xXx  zrx — xi~y1  by  the  property  of  the  cir- 

cle;  from  which  x is  found  — r 4-  ^ r1 — y-,  and  x~ yjx 

r1— 2. 

® — v'x1+jz  as  is  fhewn  by  the  writers  on  fluxions; 
whence  by  fubftitution  z — ,jx  1,  which  thrown 

into  an  infinite  feries  gives  z ~ ry  x (-a.  Z l 1 5 

r 8 rS  l6r7 

35>'3 

I: 


+ 77^7,  &c0i  the  fluent  which  is  a — y x (1  + -ZL  4. 

2.3/-* 


3-5/ 


3-3-7^ 


8 


- &c.  — length  of  the  arc  in 


2-4-5r+  2.4.6. 7/-6  ‘ 2.4.6.8.9r8 

terms  of  the  fine ; which,  when  y is  equal  to  r,  becomes  r x 
3-5  , W 


(I  + 2.3  + 2.I.5  + dit7  + — 5 of  the  circum- 


ference. 

And  if  inrtead  of  y in  this  feries  be  fubftituted  its  value 

— 7,  we  fhall  have  z~t if.  -i-  _lL iL  4-  if.  i.c  — 

3'*  5*  7r*  + -*&C— 

length  of  the  arc  in  terms  of  the  tangent.  Where,  by  taking 
the  arc  fo  that  the  tangent  can  be  found  in  terms  of  the  radius, 
the  feries  will  become  known,  and  may  be  determined  to  any 
degree  of  exattnefs. 

Thus, 
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2.  If  the  diameter  of  a circle  be  io  feet,  what  is 
the  circumference  ? 

As  i 13  : 355  : : 10 

10 

I « 

113)3550(3 1 tVt*/"'  the  circumference' 

339 

160 

113 

' 47 

Or  ^ ^ X IO  rr  = 31.41  = circumference . 

113  I!3 

3.  What 


\ 


Thus,  if  the  radius  be  1,  and  the  arc  be  | part  of  the  circum- 
ference, or  450,  its  tangent  will  be  equal  to  the  radius,  and  the 
feries  will  become  1 — ■§+  j — — -rfd"  tV&c'  — arc 

430,  and  8 x (i-i+i-4  + ^--iV  + TT&c-)  “whole 


circumference. 

This  feries  is  the  fimpleft  form  that  can  poflibly  be  ob- 
tained, but  in  order  to  get  another  that  will  converge  fafter, 
we  mud  take  a fmaller  arc  ; as  for  inftance,  fuppofe  that  of 
30°,  orT*-  part  of  the  circumference. 


Then  fince  the  tangent  of  30°, 


to  radius  1,  is  v'i,  the 

t 1 1 

general  feries  will  become  */\  X (1  — — + ~i  — 


7*3' 


- — See.)  — arc  of  300 
9.3+ 


and  ia  •/  3 X (1  — + 

3-3  5-31 


— 4.  — — tec.)  zz  whole  circumference  j and  Jo  for  any  other 
7.3J  9.34 

are  whatever . 


Thofe 
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3.  What  is  the  diameter  of  a circle  whofe  circum- 
ference is  50  ? 

& 355  ? 113  : : 50 

50 

355)5^5°(I5  the  diameter. 

355 

2100 

1 775 

325 

RULE  III. 

Multiply  the  diameter  by  3.1416,  and  the  produft 
will  be  the  circumference ; or 

Divide  the  circumference  by  3.1416,  and  the  quo- 
tient will  be  the  diameter. 

* 

EXAMPLES. 

1.  If  the  diameter  of  a circle  be  17,  what  is  the  cir- 
cumference ? 

3Hl6 

J7 


2 19912 
31416 


5 3 -4°72  —circumference. 


Thofe  who  would  with  to  fee  the  methods  of  Mach'm , 
Euler,  &c.  may  confult  Dr.  Hutton’s  Menfuration,  and  a 
paper  of  his  in  the  Philofophical  Tranfeftions  upon  this 
fubjeft. 


2.  If 
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z.  If  the  circumference  of  a circle  be  354’  what  is 

the  diameter  ? . T 

i By  Rule  I. 

As  22  : 7 — 354  : 3-^1  = 122.639 -circum- 
ference. 


3 r 


By  Rule  II. 

,12.681  = 
355 


354  : 


By  Rule  III • 

: 354  : -^-=  1 12.681  — cir- 
3-Hl6 


As  35s  : 1 13 

circumference. 

As  3.1416  : 1 

cumference,  agreeing  with  the  former  as  far  as  the  third 

place  of  decimals.  . . r 

3.  What  is  the  circumference  of  a circle  whole  di- 
ameter is  40  feet  ? M-  125.6640. 

4.  If  the  circumference  of  a circle  be  12,  what  is 

the  diameter  ? 4nf’  3*8 1 97  2* 

5.  The  earth  is  a globe,  and  its  circumference  is 
known  to  be  25000  miles,  what  is  its  diameter  ? 

Anf? 958  nearly. 


If  d be  put  — diameter  of  any  circle,  and  r—  circumference, 
the  three  rules,  above  given,  may  be  exprefled  thus  : 


_ 355^ 

T “ “3 

21  — d-  Liil — d ■ c 

22  ’ 35s  3.1416 


;c;  i.lfl6d  — c, 

~d. 


And  if  r,  or  the  radius,  be  ufed  inliead  of  the  diameter, 
thefe  rules  become 

til  — c ; 1121  — c j 6.2832 r — c, 
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PROBLEM  X. 

To  find  the  length  ofi  any  arc  of  a circle. 

RULE  I.* 

Erom  8 times  the  chord  of  half  the  arc  fubtrafl 
the  chord  of  the  whole  arc,  and  \ of  the  remainder 
will  be  the  length  of  the  arc  nearly . 

examples. 

it  The  chord  of  the  whole  arc  de  is  48,  and  the 
verfed  fine  b c of  half  the  arc  is  18  : what  is  the 
length  of  the  arc  dce? 


* Demon.  Let  the  radius  o d ~ r,  and  fine  d b ~ 1.  Then 


will  the  chord  d c — s +(r  — ^ r1  — sz)*  — j + 4 

. 8rl 

7s5  , jt  7 sS 

— — &c.  Whence  8 times  the  chord  d c — 8i  4 1 

iz8r+  1 rL  16;  4 . 

j1  7iS 

&c.  And  8dc  — d e — 6 s + — 4 — — &c.  whofe  4 part  is 

rl  i6i+  * r 


s * 71 S 

a j 4 + ~T-r  &c. 

3 r1 

But  the  length  of  the  arc  d c,  whofe  fine  is  j,  is  known  to 
s?  3s* 

he  j + T-:  + : and  therefore  the  arc  Dim  + 

6 rl  4c r*  1 


jl  6s?  . st  *7  S? 

• — 4-  ; &c.  which  differs  from  2 s 4-  — -4-  Sec.  only 

jrj  401+  jrl  1 

by  a fmall  quantity,  and  fhews  the  rule  to  be  very  near  the 
truth.  Q^E.  D. 

Rule  z.  If  d be  put  — to  the  diameter,  and  <v—  verfed  fine 

51 i 

of  half  the  arc,  then  will  (5  d ^ ~ + 4 >/  dv)  x -5-  :c= 

length  of  the  arc  nearly. 


i 


Here 


0 F 
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6S 


c 


Here  2^  + i81=5?6+  324  = 900;  and,*/ 90 °— 
30  x 8 — 48  __  240  — 4°  _ 
30  = d g.  — 3 “* 

t 

L21— 64  the  length  of  the  arc  required. 

2.  The  chord  of  the  whole  arc  is  50.8,  and  the 
chord  of  half  the  arc  is  30.6  : required  the  length  of 

the  arc.  . Anf'6 4>6, 

, The  length  of  the  whole  chord  is  6,  and  the 
length  of  the  chord  of  half  the  arc  3.0538 : what  is 
the  length  of  the  arc?  dlnf.  6.14768. 

RULE  II.*  ‘ 

1.  Add  the  fquare  of  half  the  chord  to  the  fquare 
of  the  verfed  fine  of  half  the  arc,  and  this  fum  di- 
vided by  the  verfed  fine  will  give  the  diameter. 

2.  Take  of  the  verfed  fine  from  the  diameter, 
and  divide  | of  the  verfed  fine  by  the  remainder. 

3.  To  the  quotient,  laft  found,  add  1 ; and  this 
fum  multiplied  by  the  chord  of  the  whole  arc,  will 
give  the  length  of  the  arc  nearly. 

Note. 


* Demon.  Let  the  diameter  a f — d,  the  verfed  fine  c n 
and  the  chord  d i~c. 

The* 
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Note.  The  length  of  the  arc  may  alfo  be  found  by 
multiplying  together  the  namber  of  degrees  it  con- 
tains, the  radius,  and  the  number  .01745329. 

Or,  as  i 80  is  to  the  number  of  degrees  in  the  arc, 
fo  is  3.1416  times  the  radius,  to  its  length. 

Or,  as  3 is  to  the  number  of  degrees  in  the  arc,  fo 
is  .05236  times  the  radius,  to  its  length. 


EXAMPLES. 

1.  If  the  chord  d e be  48,  and  the  verfed  fine  c 1 
1 8 : what  is  the  length  of  the  arc  ? 


Then  will  the  rule  be  expreffed  by  (|  *4  d— + 1) 

_ ^2 

X c or  by  (§i/-j-<f—  -f  i)X2 dv  — v'1, where d—  — 4. v 


But 


& 


.±U 

SO 


40 

21/  411A  4IX4I1/3 

+ irH — , H 7?  + — T: — 71  &c.  and 

3d  75dz  7S*S°d3 


z jd-v  — 1/*  — 2 V"  dv  X S X — — — — kc.  Whence 

2 d id7- 

ut 


. — , 2T/  A I 'Ll1 

(l-v  — d — |Ii/  + 1)  X 2 ^dv  — v1  = (l  + — + -—z  & c). 


X (tVdvX  : 1 v/rfi/  x ••  *+£  + 


5^2 


31/ 1 


^—71  &c.  Now  d-v  x : 1 4-  — d &c.  is  known  to  be 

600  dz  6 d 49  d1 

the  length  of  an  arc  whofe  diameter  is  d,  and  the  verfed  fine  of 

1 1 

the  half  thereof  1/;  and  this  differs  from  2 y/dv  X : + g^4* 

531/1  1/*  m 

— See.  in  the  third  term  only  by  — r . which  fhews  the 

6codz  75</» 

rule  to  be  near  an  approximation.  Q^E.  1; 

Here 


OP  SUPERFICIES. 


«7 


c 


*4*'+i&*-^57l±i^=222=  co  = «Va- 

"fr#  — jf§  18  18  3 

c f. 

^ 18  X 4 -4-  (S°"X l8)  =•**+  50-14-7°= 

12-^35. 24=.  3405. 

Wbtnct\\  +-340S)  * 48  = I<34°5 X48=64‘344°— 

&/JP7&  of  the  arc  required. 

2.  The  chord  of  the  whole  arc  is  7,  and  the  verled 
fine  2 : what  is  the  length  of  the  arc  ? 

Anf.  8.8439; 

3.  The  chord  of  the  whole  arc  is  40,  and  the  verfed 
fine  15  : what  is  the  length  of  the  arc  ? 

Anf,  53.62. 

PROBLEM  XI. 

T 0 find  the  area  of  a circle. 

RULE  I* 

Multiply  half  the  circumference  by  half  the  dia- 
meter, and  the  produdt  will  be  the  area. 

Or  take  ~ of  the  product  of  the  whole  circumference 
and  diameter. 

EXAM- 


* Demon.  A circle  may  be  confidered  as  a regular  polygon 
•f  an  infinite  number  of  Tides,  the  circumference  being  equal 

to 
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EXAMPLES. 

r . What  is  the  area  of  a circle  whofe  diameter  is  4 z, 
and  circumference  131.946? 

2)131.946 


65.973 ~t  circumference. 
2 1 ~ | diameter. 


^5973 

131946 


1 385.433 —area  required. 

2.  What  is  the  area  of  a circle  whofe  diameter 
is  10  feet  6 inches,  and  circumference  31  feet  6 
inches  ? / 


fe.  in. 

15  g—  1 5.75=1  circumference. 
5 3=  . 5.25=5;  diameter. 


7875 

3I50 

7875 


82.6875 

12 


8.Z5OO 

Anf  82  feet,  8 inebet. 


to  the  perimeter,  and  the  radius  to  the  perpendicular.  But 
the  area  of  a regular  polygon  is  equal  to  half  the  perinr  ter 
multiplied  by  the  perpendicular,  and  confequently  the  area  of 
a circle  is  equal  to  half  the  circumference  multiplied  by  the 
radius,  or  half  the  diameter.  Q^E.  D. 

This  rule  may  be  otherwise  demonftrated  by  the  do&rine  of 
fluxions. 

3.  What 


«« 
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3.  What  is  the  area  of  a circle  whofe  diameter  is  1, 

and  circumference  3.1 41 59  ? Anf.  .7854’ 

4.  What  is  the  area  of  a circle  whofe  diameter  is 

7,  and  circumference  zzi  t AnJ.  385. 

RULE  II* 


Multiply  the  fquare  of  the  diameter  by  .7854,  and 
the  product  will  be  the  area. 


EXAM- 


* D tniri.  All  circles  are  to  each  other  as  the  fquare*  of  their 
diameters.  (Euc.  XII.  a.) 

But  the  area  of  a circle  whofe  diameter  is  1,  is  .7854  Arc. 
(ky  Rule  I.)  Therefore  1 1 : d1  ::  .7854 &c.  : ‘7^54  &c-  * 

— .7854  See.  x dl  — area  of  a circle  whofe  diameter  is  d. 

Q^E.  D. 

The  following  proportion*  are  thofe  of  Mcttut  and  Arcbi- 
ftcdcs. 

As  452  s 355  : : fquare  of  the  diameter  : Area. 

As  14  : 11  : : fquare  of  the  diameter  : Area. 

If  the  circumference  be  given,  inftead  of  the  diameter,  the 
area  may  be  found  as  follows : 

The  fquare  of  the  circumference  x .07958  “Area. 

As  88  : 7 : : fquare  of  the  circumference  : Area. 

As  1440  : 113  ::  fquare  of  the  circumference  : Area. 

And  if  d be  the  diameter,  t the  circumference,  a the  area, 
and  /“3.14159  Sec.  then  : 


. c 4a  a 

J.  d — — “ — — a s/  — 

P c p 

*.  c — pd  ~ 11  — 2 ^ pa 

d 

3 a — P*  — ' — 

” 4 4/  4 


The 


<% 
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EXAM  PLES. 


x.  What  is  the  area  of  a circle  whofe  diameter 
is  5 ? ' 


*7854 

25  — fquare  of  the  diameter . 


3927° 

15708 


19.635 °—ihe  an  fuser. 

2.  What  is  the  area  of  a circle  whofe  diameter 

is  7 ? ^7/138.4846. 

3.  What  is  the  area  of  a circle  whofe  diameter  is 

4.5?  ‘ ' ^77/15.90435. 

4.  How  many  fquare  yards  are  there  in  a circle 

whofe  diameter  is  3I  feet?  Anf  1.069016. 

PROBLEM  XII. 

To  find  the  area  of  a fettor,  or  that  part  of  a circle 
which  is  bounded  by  any  two  radii  and  their  included 
arc. 


The  following  table  will  alfo  fhew  moft  of  the  ufeful  pro- 
blems, relating  to  the  circle  and  its  equal  or  infcribed  fquare. 

j.  diameter  x .8862  — fide  of  an  equal  fquare.  0 

2.  circumf.  X .2821  — fide  of  an  equal  fquare. 

3.  diameter  x .7071  — fide  of  the  infcribed  fquare. 

4.  circumf.  x .2251  ~ fide  of  the  infcribed  fquare. 

5.  area  X .6366  ~ fide  of  the  infcribed  fquare. 

6.  fide  of  a fquare  x 1.4142  —diameter  of  its  circumf.  circle. 

tj.  fide  of  a fquare  x 4-4-13  ~ circumf.  of  its  circumf.  circle. 

8.  fide  of  a fquare  x 1.128  — diameter  of  an  equal  circle. 

9.  fide  of  a fquare  x 3 . 54.5  = circumf.  of  an  equal  circle. 

0 RULE. 
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RULE.* 

Multiply  the  radius,  or  half  the  diameter,  by  half 
the  length  of  the  arc  of  the  feftor,  and  the  produft 
will  be  the  area. 

Note.  The  length  of  the  arc  may  be  found  by  either 
of  the  lad  problems.  , 


EXAMPLES. 


i.  The  radius  ab  is  40,  the  chord  bc  of  the  whole 
arc  50,  and  the  chord  c d of  half  the  arc  27  } required 
the  area  of  the  feftor. 


D 


cr.i  • 

JlnclLLJ.  x 40  = 27.6  X 40: 
2 


1 109.6  = area  of  the 


fclor  required. 


* The  rule  for  finrling  the  area  of  the  fefhor,  is,  evidently, 
the  fame  as  that  for  finding  the  area  of  the  whole  circle. 


5 


2.  Re- 
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2.  Required  the  area  of  a feftor  of  a circle,  whofe 
radius  is  25,  and  the  length  of  the  arc  21.5. 

Anf.  268.75. 

3.  What  is  the  area  of  a feflor  whofe  radius  is  10, 

the  chord  of  the  whole  arc  20,  and  the  chord  of  half 
the  arc  1 1 ? Anf.  j 1 3.3. 

4.  Find  the  area  of  the  fettor  whofe  radius  is  9, 
and  the  chord  of  whofe  arc  is  6. 

• Anf  27.526783$. 

RULE  II  * 

As  360  is  to  the  degrees  in  the  arc  of  a feftor,  fo 
is  the  area  of  the  whole  circle,  whofe  radius  is  equal  to 
that  of  the  feftor,  to  the  area  of  the  fe&or  required. 

Note.  For  a femi-circle,  a quadrant,  &c.  take  one 
half,  one  quarter,  &c.  of  the  whole  area. 


EXAMPLES. 

x.  The  radius  of  a feflor  of  a circle  is  20,  and 
the  degrees  in  its  arc  22  ; what  is  the  area  of  the 
fe&or  ? 


* Demen.  Let  r—  radius,  d — number  of  degrees  in  the  arc 
the  fedtor,  and  a — its  area. 

Then  will  ijr1  X .7854  — X 3.1416  — area  of  the  whole 
circle,  and  zry.  3.1416  — its  circumference. 

Alfo  360  : 2rX  3.1416  ••■.d’.  ~ 

idrXi.  14.16  . AlX3-I4I6 

arcof  the  fedtor.  But — X?Xr_ ^ — A> 

by  the  Jaft  rule.  And  confequently  360  : d ; : r1  X 3 • 1 4 1 ^ ’•  A- 

Q^E.  D. 

•7S5+ 
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.7854 

1 600  ~ /quart  of  the  diameter. 


4712400 

7854 


360;  22  : 1256.64.00— area  of  the  whole  circle. 

j 22  ' 

25I32S 

251328 


36.0)2764.608(7 .6zzarea  of  the  fedon 
252 

244- 

216 


286 

&c,  ^ 

2.  Required  the  area  of  a fe&or  whofe  radius  is  25, 
and  the  length  of  its  arc  147  degrees  29  minutes. 

Anf.  804.4017. 

3.  Required  the  area  of  a femicircle  whofe  radius 

ls  13,„  . , , . 4vf  265.4652. 

, 4-  Required  the  area  of  a quadfant  whofe  radius 

15  Zl‘  -Anf  346.36 14. 

PROBLEM  XIII. 

To  find  the  area  of  a fegment  of  a circle. 

RULE  I. 

i.  Find  the  area  of  the  fe&or,  having  the  fame  arc 
with  the  fegment,  by  one  of  the  lad  problems. 

E *•  Find 
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2.  Find  the  area  of  the  triangle  formed  by  the 


chord  of  the  fegment,  and  the  radii  of  the  feftor. 

2.  Then  the  fum,  or  difference,  of  thefe  areas, 
according  as  the  fegment  is  greater  or  lefs  than  a leuu- 
circle,  will  be  the  area  required- 


IXAMHIS' 

x.  The  radius  o b is  io,  the  chord  a b is  i8,  and 
the  chord  ac  io;  what  is  the  area  of  the  fegment 


a a c r 


to  X 8 — 1 8 8o  1 ^ ■— — 2o.fi— are  acb. 

Kere~^~~i 3 3 

-^zoi  X 10=  I0-3  XIO=:  103,3  = *re*  °f  tbe 
2 


fcSor  o a c b. 

...  18  + 10  + 10 

•^\f°  2 


3 8 — 19  — | of  the  fdes 
z 


“-■•=9=*^ 2d  “J  ,9-'s= 

'~AJ  ^9XJ«=v'.5i9==J»-IJ=*“  ,f"” 


rOo3.i-39-^=«4-«=^  ****** 

■'«  *»  “*  ^ ,4“  * Re- 
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2.  Required  the  area  of  a fegment  whofe  height  is 

2,  and  chord  20.  Anf.  26.878. 

3.  Required  the  area  of  a fegment  of  a circle  whofe 

radius  is  24,  the  chord  of  the  whole  arc  20,  and  the 
chord  of  half  the  arc  io.z.  Anf.  28.07. 

4.  Required  the  area  of  a fegment  of  a circle  whofe 
chord  is  12,  and  the  radius  of  the  circle  jo. 

Anf.  16.3274. 

5.  Required  the  area  of  a fegment  of  a circle  whofe 
chord  is  16,  and  the  diameter  of  the  circle  20. 

Anf.  44.7292. 

6.  What  is  the  area  of  a fegment*  whole  arc  is  a 
quadrant,  the  diameter  being  iSfeet?  Anf. 

7.  What  is  the  area  of  a fegment  of  a circle  whofe 
arc  contains  280  degrees,  the  diameter  being  30? 

Anf  1834.9191. 

RULE  II* 

I.  Add  the  fquare  of  half  the  chord  of  the  feg- 
ment to  the  fquare  of  its  height,  and  multiply  tha 
fquare  root  of  the  fum  bjr  4. 

2.  To 


* Demon.  Let  c — be,  u — c b,  and  d ~ diameter  c rj 
then  will  the  rule  be  expreffed  by  (zc  4.  * j ^ + A)  x * t>. 

But(zr  + £ o/ci  + vi)  * v:=  ( — 4.1.  jiv)  X * -y 

1— ~ 

2d  8d2  48^ 


v'  dv  — 

_.x 


2tf2  v/<A<  it'!  ^/dz> 


5^ 

<p? 


2 Of/2' 


&c.  rz  2x>  */  du  x 


2odl  7z</5 


&c.)  And  fmee  bi  = v'  d-u  — -t/*,  ancj  c 


= x/,  therefore  1/  </  dv  x ! 1 — - &c  will 

2d  8d2  48dr  - 

be  the  fluxion  of  the  fegment ; and  its  fluent,  v </  dm 


■j6  MENSURATION 

z.  To  i of  the  number  laft  found,  add  the  whole 
■chord  of  the  fegment,  and  this  fum  multiplied  by  f of 
the  height  will  give  the  area  required. 

EXAMPLES. 

i.  The  chord  d e of  the  fegment  d e c is  40,  and 
its  height,  or  verfed  fine,  b c is  10:  what  is  the  area 
of  the  fegment  i 


r 


• * 


F 


- Here  4 •/id1  -f  1 o1  = 4 </400  -f  ioo  _ 4 v/  500  _ 
4x22.36  = 89.44.  ' 

And  + 4°)  X ^p==*9-Sl  + 4°  *4  = 

69.81  X 4 — 2 379-24  = area  rejttireJ.  

1 _JL_  ^ Sc C will  be  the  value  of  half  the  feg- 

X : T u Id*  - 

3 ->  ^ 

ment.  Confequenty  its  double, 


__  2lL  &c.)  will  be  the  value  of  the  whole  fegment ; which 
iA cm  the  expreflion  for  the  ™le  oeJ|Mh  the  thi.d  tetm. 

by  7e«ei,  Wall'1% , and  C0//0#.  heieht  • then 

y,4  , - chord  of  the  foment,  and  « = »ts  height,  then 

, )T^r^  + 4 X 3 t»  = area  wry  nearly, 

I’hich  i i litter  .Iprotcimatlhf  tele,  utficictt,  e.f,  in  it. 
application.  2.  The 


of  SUPERFICIES'.  77 

2.  The  chord  is  20,  and  the  height,  or  verfed  fine 
2 ; required  the  area  of  the  fegment. 

Anf  26.85908!. 

5.  The  length  of  the  chord  is  4.8,  and  the  height 
of  the  fegment  18  what  is  the  area  ? Anf.  633,6. 

RULE  III* 

1.  Divide  the  height,  or  verfed  fine,  by  the> dia- 
meter, and  find  the  quotient  in  the  table  of  verfed 
fines'. 

2.  Mut- 


* The  table  to  which  this  rule  refers,  is  formed  of  the  areas- 
of  the  fegments  of  a circle  wliofe  diameter  is  1 ; and  which  is 
fuppofed  to  be  divided  by  perpendicular  chords  into  1000 
equal  parts. 

The  reafon  of  the  rule  itfelf  depends  upon  this  property— 
That  the  verfed  fines  of  fimilar  fegments  are  as  the  diameters 
of  the  circles  to  which  they  belong,  and  the  areas  of  thofe  feg- 
ments as  the  fquares  of  the  diameters  j which  may  be  thus 
cletnonftrated. 

Let  adba  and  a aba  be  any  two  fimilar  fegments,  cut  off 
from  the  fimilar  ftflors  a n b c a and  ad'bca,  by  the  chorda 
a b and  a b ; and  let  the  perpendicular  c d bifefl  them. 

Then,  by  fimilar  triangles,  T> 

d-b  : A b ! : bc  : Ac,  and  db  : 
db  w xtm  : dn;  whence,  by 
equality,  bc  : Ac  : : Dm  : dn, 
or  2 B c : 2 A c : •.  d m : d n. 

Again,  fince  fimilar  feg- 
ments are  as  the  fquares  of 
their  chords,  it  will  be  aji 
: ebl  : ; fog.  abba  : feg. 
a-dba ; but  ab*  : oA1  : : 
c p.»  : cA%  whence,  by -equality,  feg.  adba:  /eg.  adba 
■ '•  c b1  : c Ak,  or  feg.  abba:  feg.  adba  : : 4 c a1  : 4 c A». 

E 3 N uw, 


MENSURATION 

2.  Multiply  the  number  on  the  right  hand  of  the 
verfed  fine,  by  the  fquare  of  the  diameter,  and  the 
produft  will  be  the  area. 


EXAMPLES. 

I.  If  the  chord  of  a circular  fegment  be  40,  its 
verfed  fine  10,  and  the  diameter  of  the  circle  50  : 
what  is  the  area  ? 

5.0)10 

,2— tabular  'verfed fine. 
.111823=:  tabular  fegment, 

2500= fquare  of  50. 


55911500 

223046  / 


279. 557500= area  required . 

2.  The  chord  of  the  fegment  is  20,  the  verfed  fme 

r,  and  the  diameter  25  : what  is  the  area? 

9 Anf  69.889.375. 


PROBLEM  XIV. 

To  find  the  area  of  a circular  zone,  or  the  fp ace  in- 
eluded  between  any  two  parallel  chords  and  their  inlet  - 
cepted  arcs. 


Now,  if  d be  put  equal  to  any  diameter,  and  v the  verfed 
fine,  it  will  be  d : 1/  : : 1 (diameter  in  the  table)  : — — verfed 


fine  of  a fimilar  fegment  in  the  table,  whofe  area  let  be  called  a. 

Then  ,*,<**::«  : *<?*=:  area  of  the  fegment  whofe  height 
is  v,  and  diameter  d,  as  in  the  rule.  , 

' ' <-  RULE. 


OP  SUPERFICIES. 


79 


RULE.* 

i.  Find  the  area  of  that  part  of  the  zone  which, 
forms  a trapezoid  by  problem  6,  and  the  area  of  the 
fegment  b*c  b by  problem  13,  rule  3. 

"2.  Add  the  ar?a  of  the  trapezoid  to  twice  the  area 
of  the  fegment,  and  it  will  give  the  area  of  the  zone 
required. 

b x a m p 1 e s . 

1.  The  greater  chord  a b is  20,  the  lefs  dc  i$> 
and  their  diftance  or  : required  the  area  of  the 
zone  a b c d. 


* The  reafon  of  this  rule  is  too  obvious  to  require  a de- 
monftration. 

Nu e.  When  the  two  parallel  fides  of  the  zone  are  equal,  the 
chord  of  the  fmall  fegment  will  be  equal  to  the  br  adth  of  the 
zone,  ant}  its  height  will  be  equal  to  -/£  a b1  ■Jr\asl  — \ a b. 

And  when  one  of  the  fides  is  the  diameter  of  the  circle, 
the  chord  of  the  fame  fegment  will  be  ^/‘las  + d l,  and 
its  height  ~ | a b — \ a b1  — \as1' — J ii*  where  d — 

A B — DC. 

Another  method,  is  by  finding  the  areas  of  each  of  the 
ferments  abia,  ccfd,  the  difference  of  which  is  the  area  of 
the  zone  required  ; but  this  rule,  when  t c fegments  are  large, 
and  any  of  the  approximating  theorems  are  ufed,  is  not  fij 
accurate  as  the  former. 

E4 


Here 


8o 


MENSURATION 


cnc — 

Here  >/  oA  + r a*=  V"  1 7.5’ + 2,5*=  ^306.25  + 6.25 
= \Zy  1 2.5  = 17,6776—  a d or  c b. 

And  n /•  ( 1 7i ) >' a (2|)  : Br  (i'7^)  : z\~r  F ; cr 

2§-  + 17!  = zo— . d f.  . 

Alfo  v'OFl+  I)  C1  = v'ZO1  + 15*=  V^OO  + 225 
z5  ■ 1 

= .1/625  = 25  = C F ; or  — 12^  = 00  er  o«. 

Andrts  (17! ) : a D|j[  17.6776)  : : r B (17^)  : 17.6-76 

= F B ; , or  1 r^- ^ = 8 . 8388  = 0 m\.  t(nd  iz.5  — 8\ 83 8 8 

= 3.6612  —mn— height  tif  the  figment. 

Therefore  — - — 5 = .146448  = tab,  vei  fed  fine  J and 
J 25 

071033  = ^^-  figment. 

Whence. oi  1033  Xif-.o-j  1033  X 625  =44.395625 
= area  c/-  fegment  bscb, 

Alfa  X I7|  = ^ X ^1=  ^ = 306.25  = 

*Z  vS  * T* 

area  of  the  trapezoid  abcd. 

And  306.25+44.395625  X 2 = 306.25  + 88.79025 
= 394.0402.5  zzarea  of  the  zone  required. 

2.  The  greater  fide  is  96,  the  lefler  60,  and  the 

breadth  \l\'.  what  is  the  area  of  the  zzone  ? 

Avf  2136.7712. 

3 One  end  of  a circular  zone  is  48,  the  other  end 
is  30,  and  the  breadth  is  13  j w hat  is  the  area  of  the 
zone?*  Anf'  534-4HS? 


PROBLEM  XV. 

To  find  the  area  of  a circular  ring,  or  the  face  included 
lelojoeen  the  circumferences  of  taco  concentric  aretes. 

* In  any  of  thefe  quertions,  when  the  radius  or  diameter  of 
the  circle  is  given,  the  operation  is  much  more  eafiljr  performed. 

RULhi 


of  SUPERFICIES. 


R U L-E* 

The  difference  between  the  areas  of  the  two  circles 
will  be  the  area  of  the  ring. 

Or,  Multiply  the  fum  of  the  diameters  by  their  dif- 
ference, and  this  produdt  again  by  .7854,  and  it  will 
give  the  area  required. 

E X A M P L E -S  . 

1.  The  diameters  a b and  c d are  20  and  1 <7:-  re- 
quired the  area  of  the  circular  ring,  or  the  fpace  in- 
cluded between  the  circumferences  of  thofe  circles,- 


Flere  a b -4  cd  Xab  — c d 2Z  3 5 X 5 = 1 75  ; and- 
175  X .7854  22:  1 37.445°  2r  area  of  the  ring  required. 


* Demon.  The  area  of  the  circle  aiba~ab!  X *7854, 
and  the  area  of  the  fmall  circle  c d is  — c d1  x .7854 ; there- 
fore the  area  of  the  ring  r aj1  X -7854  — c di  x .7854  — 
AB  + cr.  xab  — cdX  -7854.  Q^E.  D. 

Coroll.  If  c e be  a perpendicular  at  the  point1  c,  the  area  of 
the  rir.g  will  be  equal  to  that  of  a circle  whofe  radius,  is  o e. 

Rule  2.  Multiply  half  the  fum  of  the  circumferences  by  half 
the  difference  of  the  diameters,  and  the  produft  will  be  the  area. 

This  rale  will  alfo  ferve  for  any  part  of  the  ring,  ufmg  half 
the  fum  of  tli#  intercepted  arcs  for  half  the  fum  of  the  circum- 
ferences. 

£5 


2.  The 


$2  MENSURATION 

2.  The  diameters  of  two  concentric  circles  are  16 

and  io  : what  is  the  area  of  the  ring  formed  by  thofe 
circles?  Anf  122.5224. 

3.  The  two  diameters  are  21.75  and  9.5  : required, 

the  area  of  the  circular  ring.  Anf.  300.6609. 

4.  Required  the  area  of  the  ring,  the  diameters  of 
whofe  bounding  circles  are  6 and  4.  Anf  15.708. 

PROBLEM  XVI. 

Vo  find  the  areas  of  lunes,  or  the  fpaces  included  be- 
tween the  interfering  arcs  of  two  eccentric  circles . 

RULE* 

Find  the  areas  of  the  two  fegments  from  which 
June  is  formed,  and  their  difference  will  be  the  area 
required. 

EXAMPLES. 

The  length  of  the  chord  a b is  40,  the  height  dc  io, 
and  d e 4:  required  the  area  of  the  lune  a c b e a. 


* Whoever  withes  to  be  acquainted  with  the  properties  of 
Junes,  and  the  various  theorems  arifing  from  them,  may  con- 
fuit  Mr.  Wb'ifions  Commentary  on  Tacquet’s  Euclid , where  they 
will  find  this  fubjeft  very  ingenioufly  managed.  . 

The  following  property  is  one  of  the  moll  curious. 

If  a b c be  a right  angled  triangle,  and  femicirclcs  be  de- 
ferred on  the  three  fides  as  diameteis,  then  will  the  faid  tri- 
angle be  equal  to  the  two  lunes  d and  * taken  together. 


ok  SUPERFICIES. 

C 


Hereof a d1  + d cx  = 4 ^40°+  100  = 22.36  X + 
=89.44. 

80.4.4  . 2X10  — 

And  ( ^ --  + 40)  X = 29.8  1+40X4  = 

3 5 

279.24  = area  of  the  fegment  abca. 

Alfo\  a D1  + d 400  + 16  = 20.396  X 4. 

= 81.854. 

8I.C84  2X4.  s 

And  ( — + 40)  X ^=27.194  + 40X1.6- 

3 5 

= 107.5  104 -at-ea  of  the  fegment  abea. 

Whence  279.24—  107.5  i°4  = 171.7296  — area  of 
the  lune  required.* 

2.  The  chord-is  20,  and  the  heights  of  the  feg— 
ments  10  and  2.:  required  the  area  of  the  lime. 

Anf.  128.555, 

3.  The  length  of  the  chord  is  48,  and  the  height*- 

of  the  fegments  18  and  7 : what  is  the  area  of  the 
lime  l Anf.  405 , 8676* 


PROBLEM  XVII.. 

To  find  the  area  of  an  irregular  polygon,  or  a figure  of 
any  number  of  fides . 


* Note,  The  areas  of  the  fegments  in  this  and  the  following, 
examples  may  be  more  accurately  found  by  Rule  3,  page  77. 


E 6 


rule; 


84  MENSURATION 

RULE* 

1.  Divide  the  figure  into  triangles  and  trapeziums, 
and  find  the  area  of  each  feparately. 

2.  Add  thefe  areas  together,  and  the  fum  will  be 
equal  to  the  area  of  the  whole  polygon. 

examples. 

i.  Required  the  area  of  the  irregular  figure  abc 
D e F c a,  the  following  lines  being  given. 

gb“3q.5,  a n ~ 1 1 . 2,  co  — 6 
c c ” 29  F q — 1 I Cs  — 6.6- 

F D — Z4- 1 E/  — 4.  • — 


* When  any  part  of  the  'figure  is  bounded  by  a curve,  the 

area  may  be  found  as  fellows : • , 

RuU.  1.  Ereft  any  number  of  perpendiculars  upon  the 

bafe,  at  equal  diftances,  and  find  .their  lengths. 

. - * Add  the  lengths  of  the  perpendiculars,  thus  found,  toge* 
Iher,  and  the  fum  divided  by  their  number  will  give  the 

•j.  Multiply  the  mean  breadth  by  the  length  of  the  bafe,  and 
it  will  give  the  area  of  that  part  of  the  figure  required,  ^ 


• r 


superpicies- 


H 


,.+«  , 30  5=8.6X30-5 

Here  — ^ + G B - 2 

=26 1.}=ar,a,fa‘^^iBCa-  _ 

, ,f4+ct„  GD  — — ^ — X z-9- 8.8  X 1-9— 

And  - — ~ X ^ z 

2„  2=fl««  «/*&<  trapezium  gcdf. 

' 55'  r p X e f>  24-8  *4  ..  99 ± - 49.6  = area  of 
- 2 2 

the  triangle  F d e.  _ 6 = 567. 1 = area  of  the 

licence  262.3+  255.2+  49-°  — 5 1 

Me  figure  required.  beeinning  with  the 

2.  * In  a pentangular  field,  begin  ^ ^ the 

fouth  fide,  and  meafunng  round  d f d 3 1 1 5, 

firft,  or  fouth  Me,  rs  >!!S  * sfth  2J„o  r 

the  third  237°.  the  fourth  29  w ,he  tUrd  is 

^ the  third  to  the  fifth  4o.o : 

required  the  area  of  the  e • ^ ac.z  ro.  28  pc. 


To  find  the  area  of  mixed  OT  figures  together: 

are  compcfed  of  re^lb^  feverai  figures  of  which  the 

the  rule  is  to  find  t.  add  au  the  areas  together, 

t zzz  1®  sms-  - 

and  finding  the  area  of  each  feparately.  _ 

• *?  A!  - 
whofe  Odes  are  h1’1  . /,,f  thc  whole  fisure  accu' 

S^l£&£  perpendiculars  fr.ru  the  ** 

*%SL>  «*  -»  •"» * *«  “•  0,h,r  “T  ‘hi' 

kind.  O if 
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OP  THE 

CONIC  SECTIONS', 

DEFINITIONS. 

I ’’HE  conic  feftions  are  fuch  plain  fieures  as  are 
* formed  by  the  cutting  of  a tone. 

2.  *A  cone  is  a folid'  defcribed  by  the  revolution  of 
a right-angled,  criangle  about  one  of  its  legs,  which 
remains  fixed.  * 


C 


J.  The  axis  of  a cone  is  the  right  line  about  which' 
the  triangle  revolves. 


* This  is  Euclid’s  definition  of  a cone,  and  is  that  which 
Is  generally  beft  underflood  by  a learner;  but  the  following 
one  is  more  general. 

Conceive  the  right  line  c b to  move  upon  the  fixed  point  c 
as  a centre,  and  fo  as  continually  to  touch  the  circumference 
of  the  circle  a b,  placed  in  any  pofition,  except  in  that  of  a 
plane  which  pafles  through/the  faid  point;  and  then  that  part 
f>{  the  line  which  is  intercepted  between  the  fixed  point  and 
the  periphery  of  the  circle  will  generate  the  convex  fuperncies 
•f  a cone. 

4.  The 


CONIC  SECTIONS. 


*7 


4.  The  bafeef  a cone  is  the  circle  which  is  deferibed 
by  the  revolving  leg  of  the  triangie. 

5.  If  a cone  be  cut  through  the  vertex,  by  a plane 
perpeadicular  to  that  of  the  bafe,  the  feftion  will  be 


6.  If  a cone  be  cut  into  two  parts.  By  a plans  pa* 
xallel  to  the  bafe,  the  feftien  will  be  a circle f 


7.  If  a cone  be  cut  by  a plane  which  pafles  through 
its  two  flant  fides  in  an  oblique  dire&ion,  the  feftion 
will  be  an  eliigfu. 


8.  If  two  lines  be  drawn  through  the  centre  of  an 
ellipfis,  perpendicular  to  each  other,  and  terminated 

both 


CONIC  SECTIONS. 


12.  The  axis 
from  the  vertex, 


of  a parabola  is  a right  line  drawn 
fo  as  to  divide  the  figure  into  two 


equal  parts. 


13.  Tit 
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13.  The  ordinate  is  a right  line  drawn  from  any 
pomt  in  the  curve  perpendicular  to.  the  axis. 

14.  The  abfc.Jfa  is  that  part  of  the  axis  which  is 
contained  between  the. vertex  and  the  ordinal. 

15.  * If  a cone  be  cut  into  two  parts,  by  a plane, 
which  being  continued,  would  meet  the  oppofite  cone, 
the  fe&ion  is  called  an  hyperbola . 


16.  The  tran/ver/e  diameter  or  axis  of  an  hyperbol* 
is  that  part  of  the  axis  intercepted  between  the  two 
oppofue  cones. 

17.  The  conjugate  diameter  is  a line  drawn  through 
the  centre  perpendicular  to  the  tranfverfe. 

18.  An  ordinate  is  a line  drawn  from  any  point  in 
the  curve  perpendicular  to  the  axis ; and  the  abjltjfa 
is  the  dilUnce  intercepted  between  that  ordinate  and 
the  vertex. 


* The  two  oppofito  conos,  in  this  definition,  art  fuppofed 
to  be  generated  together,  by  the  revolution  of  the  fame  line. 

Ail  the  figures  which  can  poffibly  be  formed  by  the  cutting 
of  a cone,  are  mentioned  in  thefe  definitions,  and  are  the  five 
following  ones;  •viz.  a triangle,  a cinie,  an  e/lipjis,  a parabola, 
and  an  hyperbola ; ’but  the  three  laft  only  are  ufually  called  die 
tit.  it  ft  ilium. 


PRO* 


CONIC  SECTIONS. 


PROBLEM  I. 

1 * t * • 

9a  ite/cr tie  an  ellipjts , the  tranfverfe  and  conjugate 
diameter i being  given. 


Conflr uHlon*  I.  Draw  the  tranfverfe  and  conju- 

gate diameters,  ab,  cd,  bifefting  each  other  per- 
pendicularly in  the  centre  o.  ' 

2.  With  the  radius  as,  and  centre  c,  defcribe  an 
arc,  cutting  a b in  f f ; and  thefe  two  points  will  be 
the  foci  of  the  ellipfe. 

3.  Take  any  number  of  points  nn,  & c.  in  the 
tranfverfe  diameter  ab,  and  with  the  radii  a n,  « b. 


# It  is  a known  property  of  the  ellipfe,  that  the  fum  of  two 
lines  drawn  from  the  foci,  to  meet  in  any  point  in  the  curve 
is  equal  to  the  tranfverfe  diameter,  and  from  this, the  tiuth  of 

the  conllrudlion  is  evident.  , 

From  the  fame  principle  is  alfo  derived  the  following  method 
of  deferibing  an  ellipfe,  by  means  of  a firing  and  two  pins. 

Having  found  the  foci  f,  /,  as  before,  take  a thread  of  the. 
length  of  the  tranfverfe  diameter,  and  fallen  its  ends  with  two 
pins  in  the  points  F, /,  then  ftrqtch  the  thread  «/  »>« 
created  extent,  and  it  will  reach  to  the  point  * m the  curve, 
and  by  moving  a pencil  round  within  the  thread,  keeping- it 
always  ftretched,  it  will  trace  out  the  curve  required. 

and 
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and  centres  f f,  defcribe  arcs  interfering  each  other 
in  s,  s,  Sec. 

4.  Through  the  points  s,  s,  See.  draw  the  curve 
a r c b d , and  it  will  be  the  circumference  of  the 
ellipfe  required. 

PROBLEM  II. 

Is  ax  ellipfis,  any  three  of  the  four  following  terms 
being  given,  viz.  the  tranfverfe  and  conjugate  diameters, 
fin  ordinate  and  its  abfcijfa,  to  find  the  fourth, 

CASE  I. 

H'hen  the  tranfverfe,  conjugate , and  abfcijfa  are  known, 
to  find  the  ordinate. 

RULE.* 

As  the  tranfverfe  diameter  is  to  the  conjugate. 

So  is  the  fquare  root  of  the  reftangle  of  the  tw© 
abfeiflas. 

To  the  ordinate  which  divides  them. 

EXAMPLES. 

1.  In  the  ellipfis  adec;  the  tranfverfe  diameter 
a b is  izo,  the  conjugate  diameter  cd  is  40,  and 


* het  / — the  tranfverfe  diameter,  e ~ conjugate,  x 23 
any  abfeifla,  and  y — ordinate.  Then  will  the  general  equa- 
tion, exporting  the  property  of  the  ellipfe,  be  t1  : ; ; * x 

('  *)  • y1  i from  this  the  four  ruhs  here  given  are  deduced^ 

the  one  a'oote  being y — — v'xx  t — x. 

the 


< 


92  CONIC  SECTIONS. 

the  abfcifla  bf  24:  what  is  the  length  of  the  ordi- 
nate e F ? 


Here  120  (ab)  r 40  (c  d)  : . -/96X  24  (a  r xf  B)t 

XI  ^^4=1  v''w=i  d*  °rdi~ 

X20 

nate  required . ■ , . . ‘ . 

z If  the  tranfverfe  diameter  be  35,  the  conjugate 

2 c and  the  abfcifla  28  : what  is  the  ordinate  ? 

Anf.  10.. 

CASE  H.. 

When  the  tranfverfe , conjugate,  and  ordinate  art 
known,  to  fnd  the  abfeiffa. 

R U L E.* 

As  the  conjugate  diameter  is  to  the  tranfverfe. 

So  is  the  fquare  root  of  the  difference  of  the  fquares 
of  the  ordinate  and  lemi-conjugate. 

To  the  diftance  between  the  ordinate  and  centre. 
And  this  diftance  being  added  to  and  fubtrafted  from 
thefeml-traniVcrfe,  will  give  the  twoabfclflasre<,o.mt. 


« Th;s  rule  in  algebraic  terms  is  as  follows : . ? he  8rcatcr 
abfeiffa  *=  r orthelefs*=r-W£c*-jr  • 


E X A M- 


r 
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EXAMPLES. 

1.  The  traufverfe  diameter  a e is  i-o,  the  conju- 

gate diameter  c d is  4.0,  and  the  ordinate  f e is  16 : 
what  is  the  abfcifla  f b ? _______ 

• Here 40  (cd): I2o(  a b)::  v/2o'* 1  — 161(\/ o il1 — J e1) 

120  . 

: >/20z  — to*  — 3 1/4.00  — 250  — 3 v 14+ — 3 

• +° 

X 12  = 36  = 0 f,  ike  difiance  from  the  centre. 

Whence  60  (o  b)  — 36  (o  f)  =2  24  — b p 7 _ 

And  60  (o  a)  -ff-  36  (o  f)  ==  96  = a f j 
jxbfcijflas  required. 

2.  Whit  are  the  two  abfciflas  to  the  ordinate  10,  •* 

the  diameters  being  35  and  23  ? 

Arif  7 28. 

CASE  III. 

When  the  conjugate,  ordinate,  and  abfcijfa  are  known , 
io  find  fhe  tranfjerjc. 


KULE.* 

1.  To,  or  from,  the  femi-conjugate,  according -as 
the  lefs  or  great  abfcifla  is  ufed,  add  or  fubtrafl  the 
fqnare  root  of  the  difference  of  the  lquares  of  the  or- 
dinate and  fcmi-conjugatc. 

2.  Then,  as  the  fquare  of  the  ordinate,  is  to  the 
redlangle  of  the  conjugate  and  abfcifla,  fo  is  the  fum 
or  difference  above  found,  tp  the  tranfverfe  diameter 
required. 


* This  rule  in  algebraic  terms  is  as  follows  : t — (c  + 2, 

icl  —yl)  X — > or  t—{e  — 2 y Jfi  — j.i)  + — ac- 

aj'1  , *y 

cording  as  the  greater  or  lefs  abfcifla  is  uftd. 


EXAM. 


54 
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EXAMPLES. 

I.  The  conjugate  diameter  c d is  4°>  the  ordinate 
h f is  1 6,  and  the  abfcifla  f b 24:  required  the  tranf- 
verfe'  a b.  __  . 

Here  20  (o  b)  + zb— r6a' (✓  o 8l  — B F*)  = a* 

-f-  400— 250“  zo  + 1 44  — - 20  4-  1 2 — 3Z- 

And  161  (e  f1)  : 40  X 24  (c  d X B f)_:  : 32  : 
40x24x32  40x24x2  5x24x2  _ r v 7A_ 

i6x  ” 16  2 5 

120  the  tranfverfe  diameter  required. 

z.  If  an  ordinate  and  its  letter  abfcifla  be  10  and  7, 
and  the  conjugate  Z5  : what  is  the  tranfverfe;’ 

An/.  35. 

CASE  IV. 

The  tran/verfe,  ordinate,  and  abfei/fa  being  given,  to  .. 
fend  the  conjugate. 

RUL  E * 

As  the  fquare  root  of  the  product  of  the  two  ab- 
fciflas,  is  to  the  ordinate. 

So  is  the  tranfverfe  diameter  to  the  conjugate. 

EXAMPLES. 

1.  The  tranfverfe  a b is  120,  the  ordinate  ef 
and  the  abfcifla  f b 24  : required  the  conjugate. 


* The  rule  in  algebraic  terms  is  t y X 
conjugate,  or  fhorteft  diameter. 


- 1 — — c,  the 

t/ 1 — x.x 

Here 
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Here  4/24x90  ( a/jb  f x a f)  : 16  (p f)  : : 120  (a  b) 
:ib  X i 20  -7*  4/ 24  X 96  — 16  X 1 20  4/2304  =2: 

— 0 15x120  120 

16  X 120  — 48  — - ■ — — —j-  — 40  conjugate 

diameter  required. 

2.  The  tranfverfe  diameter  is  35,  the  Ordinate  is 
ic,  and  its  ablcifla  7 : what  is  the  conjugate  ? 

Arif;  25-. 


PROBLEM  III. 

To  find  the  circumference  of  an  ellijfe,  the  tranfverfe 
and  conjugate  diameters  being  known. 

R U L E.* 

Multiply  the  fquare  root  of  half  the  fum  of  the 
fquares  of  the  two  diameters  by  3.1416,  and  the  pro- 
duct will  be  the  circamference  nearly. 

% 

E X A M- 


* Demon.  Let  t — tranfverfe  diameter,  c — conjugate,/!  — 

c2*  d \dz 

3.1416,  and  d — 1 . Then  will  p t x (1 

tl  a.2  2. 2. 4.4 

3.3. 

224  4.6  6 &c''  — c'rcurnference  ®f  the  ellipfe,  as  is  fhewn 
by  the  writers  on  fluxions. 

I • J fit 

Now  the  rule  given  above  is  p -y ~ p / ^ \ 

a 22 1~' 

f 

2 

d d* 

-f,  X 11 — - 

a.a  a3.4 


— pt  y {1  — - +— t)  = (hy  fubltitution)  pc  y (1 j 

343 


3.4. 4.6 


&c.  But  the  three  firft 


terms 


9$ 
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EXAMPLES. 

1.  The  trnnfverfe  diameter  is  24  and  the  conjugate 
zo.:  required  the  circumference  of  the  ellipfe. 

,Alil-CDl_  ,Z4a+Z0l_  ,576  + 400 

Here  a/— " — ' — V — v r 

2 2 2 

— 200—488  = 22.09. 

And  22.0 9 X 3.1416  = 69.397944  the  circumference 
required . 

2.  The  axes  are  24  and  i3  : what  is  the  circum- 
ference ? #/•  66.6433. 


terms  of  this  feries  differ  from  the  three  firrt  terms  of  the  for- 
mer only  by  — ; therefore  the  rule  is  fhewnto  be  an  approxi- 
64 

mation.  Q^_E.D.  _ 

Rule  2.  Multiply  } the  fum  of  the  two  diameters  by  ^14  16, 
and  the  preduft  will  give  the  circumference  cxaB  enough  tt 
enfioer  moji  praBical purpofes. 

Rule  3 Find  the  circumference  both  from  the  Iafl  rule  ana 
' that  given  above,  and  { the  fum  of  the  refults  will  Sive  the 
circumference  extremely  near. 

Note.  If  a — femi  trarfverfe  bo,  cr:  femi -conjugate  c 0, 
and  x = dillance  of,  of  the  ordinate  e f from  the  centre, 

c2,  A 

then  will  the  arc  c z be  — x X (1  + — *’ 


4 flV* — < 
40a3 


SJ4C1  — 4**'*  + ' 


112  a'z 


. x''  Sc c. 


The  following  may  forve  as  a practical  rule  for  finding  the 
length  of  the  are  ct. 

Find  the  length  of  a circular  arc  intercepted  by  o r.  and  oc, 
and  whofe  radius  is  4 the  fum  of  o 1 and  o c,  and  it  will  be 
the  elliptic  arc  c z nearly. 


PRO- 
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PROBLEM  IV. 

To  fnd  the  area  of  an  ellipfe,  the  tranfverfe  and  con- 
jugate diameters  being  gi-ven. 

RULE* 

Multiply  the  tranfverfe  diameter  by  the  conjugate, 
and  the  produft  again  by  .7854,  and  the  refuk  will 
be  the  area. 

Or  multiply  .7854  by  one  axe,  and  the  produft  by 
the  other.  - 

examples. 

1.  V hat  is  the  area  of  an  ellipfe  whofe  tranfverfe 
diameter  is  24,  and  the  conjugate  1 8 ? 

Hoe  24  y,  1 8 X .7854“ 339.2928:=  area  required. 

'.Or, 

.7854 

24 — tranfverfe. 


31416 

i57°8 

18.8496 

1 8 ~ conjugate. 

1507968 
1 88496 


33  9.2928  before . 

2'  If  ,the  axes  of  an  elIiPfe  be  35  and  25,  what  is 

lu6  cl r C 3. . yin  f f)  Q 

3.  Required  the  area  of  an  elliphs  whofe  two  axes 

arC70and*°-  __ Anf  2748^ 

next  proCb?eernftrati°n  °f  rU’C  “ COnUined  in  that  of  thc 

PRO- 


F 
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PROBLEM  V. 

To  find,  the  area  of  an  elliptic  fegtnent,  nxhofe  bafe  is 
parallel  to  either  of  the  axes  of  the  ellipfe. 

RULE.* 

1.  Divide  the  height  of  the  fegment  by  that  axe  of 
the  ellipfe  of  which  it  is  a part.,  and  find,  in  the  table, 
a circular  fegment  whofe  verfed  fine  is  equal  to  the 
quotient. 

2.  Multiply  the  fegment  thus  found,  and  the  two 
axes  of  the  ellipfe  continually  together,  and  the  pro- 
dudl  will  give  the  area  required. 

EXAMPLES. 

I.  Required  the  area  of  the  elliptic  fegment  eap, 
twhofe  height  a g is  io,  and  the  axes  of  the  ellipfe 
2 a b and  c d,  35  and  25  refpeftively. 

xo.ooco 


* Demon.  Let  the  tranfverfe  diameter  2 a b ~ f,  the  con- 
jugate cd2(,  ag~*»  and  Ec-)'i  then  by  the  property 

of  the  curve  we  fhall  have  y zz  — tx — x 2,  and  the  fluxion 

t 

of  the  area  eat  — ( yx ) ~ — X x ^ tx  — x1.  But  x X 

lx xl  is  known  to  exprefs  the  fluxion  of  the  correfpond- 

ing  circular  fegment,  whofe  verfed  fine  is  x,  and  the  diameter  t. 
Let  the  fluent  of  this  expreflion  therefore  be  denoted  by  a, 

and  then  the  fluent  of  — X x ^ tx—xl  will  be  — x a, 

t * 

from  whence  the  rule  is  derived.  Cb.E.  I. 

Cotoll.  The  ellipfe  is  equal  to  a circle  whofe  diameter  is  a 
mean  proportional  between  the  two  axes,  and  from  hence  the 
■ rule  is  formed  for  the  wl),ole  ellipfe. 


The 
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Here 


10.0000  2.0000 


fine. 


35 


— .2857  “ tabular  verfed 


And  the  tabular  fegment  belonging  to  this  is  .185153. 

Whence  . 1 85 153  X 35  (2  a b)  X25(c  d)  =6.480355 
*25 — 1 62.02  1 o~area  of  the  fegment  required. 

2.  What  is  the  area  of  an  elliptic  fegment  cut  off 

by  a double  ordinate  parallel  to  the  conjugate  axe,  at 
the  diftance  of  36  from  the  centre,  the  axes  being  120 
and  40  ? Anf  536  750 

3.  What  is  the  area  of  a fegment,  cut  off  by  an  ordi- 
nate parallel  to  the  tranfverfe  diameter,  whofe  height 
u 5,  the  axes  being  35  and  25  ? Anf.  97.845725. 

PROBLEM  VI. 

a Par“bola,  any  ordinate  to_  the  axe  and  in 
abfajfa  being  given. 


"e“ip,le  f'gme"tms>,iiib  bt  by  .he 
find  iht  eonefpoiKBnE  fegment  of  the  circle  defetibed  uooo 

bol'C  °f  tte  <>  PerpenSel™ 
foii  * <£—*■ 


F 


Off* 


IOO 
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* ConJiruStion.  i.  Bifett  the  given  ordinate  r s in 
m ; join  v m,  and  draw  mn  perpendicular  to  it,  meet- 
ing the  axe  in  ». 

2.  Make  v c and  v f each  equal  to  R n,  and  f will 
be  the  focus  of  the  curve. 

3.  Take  any  number  of  points  r,r,  &c.  in  the  axe, 
through  which  draw  the  double  ordinates  srs,  srs, 
& c.  of  an  indefinite  length. 

4.  With  the  radii  c f,  cr,  &c.  and  centre  f,  de- 
fcribe  arcs  cutting  the  correfponding  ordinates  in  the 
points \f,  s,  See.  and  the  curve  s v s drawn  through 


* Since  vmn  is  a right  angled  triangle,  and  m r is  per- 
pendicular to  v n,  v R X R n — v R X v F ~ R ml  ~ I R s1, 
which  is  a known  property  of  the  parabola  when  r is  the 

locus.  And,  becaufe  jf1—  cr:-rr»zcr+axcr-rf 
— c , 4.  ,•  F X cf  = ivr  X avF  — vr  x 4 v f , there- 
fore s is  a point  in  the  curve  of  a parabola,  and  the  fame  may  . 
be  fhewn  of  any  other  point  s. 

Befides  the  methods  above,  for  finding-the  focus,  it  may  be 
found  arithmetically  as  follows  : 

Divide  the  fquare  of  the  ordinate  by  4 times  the  abfeifla,  and 
the  quotient  will  be  the  focal  diflance  -of. 

Several  other  methods  of  doing  this,  as  well  as  of  defciibing 
the  curve  itfelf,  may  alfo  be  found  in  Emcrfon’s  Conic  Sefliens, 
*nd  other  performances. 
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a'J  the  points  of  interfe&ion  will  be  the  parabola  re- 
quired. 

Note.  The  line  s fs  palling  through  the  focus  f is 
called  the  parameter. 

PROBLEM  VII. 

In  a parabola,  any  three  of  the  four  following  terms 
being  -given,  viz.  any  t wo  ordinates  and  their  two  ab- 
fcijfas,  to  fnd  the  fourth . 

RULE* 

As  any  abfcifla  is  to  the  fquare  of  its  ordinate,  fo 
is  any  other  abfcifla  to  the  fquare  of  its  ordinate. 

Or  as  the  fquare  root  of  any  abfcifla  is  to  its  ordi- 
nate, fo  is  the  fquare  root  of  any  other  abfcifla  to  its 
ordinate. 

» ' , 

EXAMPLES* 

i.  The  abfcifla  v f is  9,  and  its  ordinate  ef  6; 

required  the  ordinate  g h,  whofe  abfcifs  v h is  16. 

\ 


* If  * and  x be  any  two  abfciflas,  and  y and  y their  cor- 
refponding  ordinates,  the  equation  of  the  curve  will  be 
— Cap.  x.  y which  is  the  fame  as  the  rule. 

f3 


Here- 
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Here  */  9 ( \/  v f)  : 6 (f.  f)  : : 16  (v'vh)  : 

6x  \/j6  6x4  24 

:r: ~ — — bzzordsnate  c h. 

V9  3 3 

Or, 

9 (v  f)  : 36  (e  f4)  : : 16  (v  h)  : - — 16  X 

4—64—  G h4,  or  S — G h as  before. 

2.  The  two  abfcifFas  are  9 and  16,  and  their  cor- 
refponding  ordinates  6 and  8 ; from  any  three  of  thefe 
to  find  the  fourth. 


PROBLEM  VIII. 

* Ho  find,  the  length  of  any  arc  of  a parabola,  cut  off  by 
m.  double  ordinate. 

RULE.* 

To  the  fquare  of  the  ordinate  add  | of  the  fquare 
of  the  abfciffa,  and  twice  the  fquare  root  of  the  fum 
will  be  the  length  of  the  curve  required. 

EXAM. 


* Demon.  Let  any  abfciffa,  its  ordinate,  a~\  the 

y 

parameter  of  the  axe,  and  q — — . Then  it  is  fliewn  by  the 

Cl 


writers  on  fluxions,  that  aq  ^ 1 +y*  + <*  X hyp.  log.  of 
(?+  V 1 + i)=*yx  : i + - 


3? 


3-5? 


s 


2.3  2.4.5  2.4.6. 7 2.4. 6. 8. 9 

qz 

to c.  — c—  length  of  the  curve.  But  ^ 1 + iil—  1 d 

2.3, 

1 1 1? — &c.  agreeing  with  the  former  in  the  two 

1.4.9  2.4.6.27 

firft  terms . 


Therefore 
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EXAMPLES. 

i.  The  abfcifla  v h is  2,  and  its  ordinate  ch  6: 
what  is  the  length  of  the  arc  g v k ? 

Here  z1  (v  h1)  X •§  + 36  (g  h1)  ~ 36  \6 

+ 36  = 5-333>  &c-  + 36  — 4J-333333- 

And  41,3333333(6.429 
36  2 


124)533  12.858 —length  of  the  arc. 

496 

1282)3733 

2564 


12849)116933 
1 1 5941 

* V 

1292 

PROBLEM  IX. 

To  find  the  area  of  a parabola , Its  bafe  and  height 
being  giqjen. 


RULE* * 

Multiply  the  bafe  by  the  height,  and  | of  the  pro- 
dud  will  be  the  area  required. 


E X A M- 


Therefore  - r 7 1 + nearly  ; and  confcquently  c zzzy 

•>/  1 + iyl  Z:  S y 1 + fx1  the  fame  as  the  rule.  F..  D. 

* Demon.  Let  vh  t*,  g h — y,  and  the  parameter  — f. 
Then  px—yi  or  vpx—y  by  the  nature  of  the  curve. 

F 4 Whence 


CONIC  SECTIONS. 


104 


EXAMPLES. 

i.  What  is  the  area  of  the  parabola  c v k,  whole 
height  vh  is  12,  and  the  bale  or  double  ordinate 
c k 16  ? 


V 


16  X 4 X 2 ~ 128  1 zarea  required. 

2.  The  abfciffa  is  12,  and  the  double  ordinate  or 

bafe  38  : what  is  the  area  ? Anf.  304. 

3.  What  is  the  area  of  a parabola  whofe  abfcilTa  is 

10,  and  ordinate  8 ? Anf.  io6f. 

PROBLEM  X. 

To  fnd  the  area  of  the  frujlum  of  a parabola. 


Whence  the  fluxion  of  the  area  (—  y x)  ~ x %/  px,  and  its 
fluent  — §*  X S px. 

But  becaufe_y  — ^/px,  therefore  f x X -/px  — “ area 

of  the  parabola,  which  is  the  fame  as  therul* 

Corotl.  Every  parabola  is  zz  § of  its  circumfcribing  paralle- 
ogram. 


RULE. 
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RULE.* 

Divide  the  difference  of  the  cubes  of  the  two  ends 
of  the  fruftum  by  the  difference  of  their  fquares,  and 
this  quotient  multiplied  by  f of  the  altitude,  will  give 
the  area  required. 

EXAMPLES. 

i.  In  the  parabolic  fruftum  geik,  the  two  parallel 
"fends  e i Snd  g k are  6 and  io,  and  the  altitude,  or 
part  of  the  abfciffa  f h,  is  3 : what  is  the  area  ? 

V 


Here  io3—63  (g  k3  — e 13)  -f.  io1  — 6Z  (g^-e  iz) 

__  IQ3— 6*_  1000  — 216  784  q8  40 

~ io1— o2- ~ 100—36  ~ 64"" T~^r=  12‘25’ 
2X3 

Jlnd  1 2.25  x -- - “12.25  x 2 — 2 4 • 5 — area required* 


* Demon.  Let  d - o k,  d — z ,,  and  a — F h. 

Then  by  the  nature  of  the  curve  d* d,  • a • . 

flDt  Ax  ' 

— • = , »,  »d  J.  , = v 

And  therefore  4 x ° 2 v . a^L  , 

area  of  the  fruftum.  Q^E.D; 

FS 


Tit 
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2.  The  greater  end  of  the  fruftum  is  24,  the  lefter 
end  is  20,  and  their  diftance  5! : what  is  the  area  ? 

Anf  1 21.3. 

3.  Required  the  area  of  the  parabolic  fruftum,  the 
greater  end  of  which  is  1 o,  the  lefs  6,  and  the  height  4. 

✓ Anf.  3z|. 

PROBLEM  XL 

To  conflruEl  an  hyperbola,  the  tranfverfe  and  conjugate 
diameters  beitig  given. 


/ * ConJlruElion.  1.  Make  ab  the  tranfverfe  dia- 

meter, and  c d perpendicular  to  it,  the  conjugate. 

Note.  Any  parabolic  fruftum,  is  equal  to  a parabola  of  the 
fame  altitude,  whofe  bafe  is  equal  to  one  end  of  the  fruftum, 
increafed  by  a third  proportional  to  the  fum  of  the  two  ends 
and  the  other  end. 

* The  fum  of  two'lines  drawn  from  the  foci  of  an  ellipfe  to 
any  point  in  the  curve,  is  equal  to  its  tranfverfe  diameter. 

In  like  manner  the  difference  of  two  lines  drawn  from  the 
foci  of  any  hyperbola  to  any  point  in  the  curve,  is  equal  to  its 
tranfverfe  diameter  j as  is  fhewn  by  the  writers  on  conics. 

But  the  arcs  interfering  each  other  in  s , r,  &c.  are  deferibed 
from  the  foci  f and  f,  and  with  the  diftances  a n and  b tt, 

' whofe  difference  is  a b,  and  therefore  the  points  s,  t,  &c.  arc 

in  the  curve  of  an  hyperbola.  _ 

, 2.  Bifett 
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2.  Bife£l  ab  in  o,  and  from  o with  the  radius  oc, 
or  0 d,  defcribe  the  circle  d f c f,  cutting  a b pro- 
duced in  f and  f,  which  points  will  be  the  two  foci. 

3.  In  a b produced  take  any  number  of  points, 
n,  n,  &c.  and  from  f and  f,  as  centres,  with  the  dif- 
tances  b n,  a n,  as  radii,  defcribe  arcs  cutting  each 
other  in  s,  s,  &c. 

4.  Through  the  feveral  points  s,  s,  & c.  draw  the 
curve  jb;,  and  it  will  be  the  hyperbola  required. 

5.  If  ftraight  lines  be  drawn  from  the  point  o, 
through  the  extremities  cd  of  the  conjugate  axis,  they 
will  be  the  afymptotes  of' the  hyperbola,  whofe  pro- 
perty it  is  to  approach  continually  to  the  curve,  and 
yet  never  to  meet  it. 

PROBLEM  XII. 

In  an  hyperbola,  any  three  of  the  four  following  terms 
being  given,  viz.  the  tranfverfe  and  conjugate  diameters, 
an  ordinate  ana  its  abfcijfa,  to  find  the  fourth. 

CASE  I.  . 

I he  tranfverfe  and  conjugate  diameters,  and  the  two 
abfcijfas  being  known,  to  find  the  ordinate. 

RULE* 

As  the  tranfverfe  diameter. 

Is  to  the  conjugate  ; 

So  is  the  fquare  root  of  the  produft  of  the  twoabfcillas, 

1 o the  ordinate  required. 


* ‘ — tranfverfe  diameter,  c — conjugate,  * — abfci/la, 

ar,d_y  _ ordinate.  Then  the  general  property  of  the  curve  is 

A'  1 ! * X ('  + ! yz  > and  fro'n  this  analogy  all  the  cafes 

this  problem  are  deduced. 

F 6 
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EXAMPLES. 

I.  In  the  hyperbola  gaf,  the  tranfverfe  diameter 
is  120,  the  conjugate  72,  and  the  abfcifla  a h is  40  : 
required  the  ordinate  f h. 


A 


120  ( tranf  ) : 72  ( conj .)  : : */  (160  X 40)  : 

72  X y/(i6oX4o) 6 x ^(160x40)^ 

120  — 10  5 v 

3X80  , Q 

40)  = | ^6400 = | X So = -2-— — = 3 X 1 6 =48  = ordi- 
nate F H . ... 

2.  The  tranfverfe  diameter  is  24,  the  conjugate 
-2i  and  the  leffer  abfcifla  8 : what  is  its  ordinate  ? 

Anfi  14* 

3.  The  tranfverfe  diameter  of  an  hyperbola  is  50, 
the  conjugate  30,  and  the  greater  abfcifla  1 2 . required 
the  ordinate. 


CASE  II. 

The  tranfverfe  and  conjugate  diameters,  and  an  ordi- 
nate being  given,  to  find  the  tvso  abfcifjas. 


Note.  In  the  hyperbola,  the  lefs  abfcifla  added  to  the  axis, 
gives  the  greater.  „ 
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RULE.  ' 

As  the  conjugate  diameter  is  to  the  tranfverfe. 

So  is  the  fquare  root  of  the  fum  of  the  fquares  of  the 
ordinate  and  femi-conjugate, 

To  the  diftance  between  the  ordinate  and  the  centre, 
or  half  the  fum  of  the  abfcifl'as. 

Then  the  fum  of  this  diftance  and  the  femi-tranf- 
verfe  will  give  the  greater  abfcifla,  and  their  difference 
the  leffer  abfcifla  required.* 

EXAMPLES. 

The  tranfverfe  diameter  is  120,  the  conjugate  72, 
and  the  ordinate  48  : what  are  the  two  abfciffas  ? 

1296  —fquare  of  the  femi-conjugate. 

2304:2: fquare  of  the  ordinate. 

3600(60 tzfquare  root. 

36 

00 

As  72  : 120  : : 60 

1 20 


72)7200(100  fum  of  the  abfcifas, 
72  60  — femi- tranfverfe. 

l6o?zgreater  ahfciffa. 

40  — leffer  ahfciffa. 


• This  rule  in  fpecies  is  — +y1~{t  — x,  — greater 
or  lefs  abfcifla,  according  as  the  upper  or  under  fign  is  ufed. 

2.  The 
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2.  The  tranfverfe  and  conjugate  diameters  are  24 
and  21 : required  the  two  abfciffas  to  the  ordinate  14. 

Anf.  32  and  8. 

3.  The  tranfverfe  being  6o,  and  the  conjugate'  36  ; 
required  the  two  abfciffas  to  the  ordinate  24. 

Anf.  80  and  20. 


CASE  III. 

*Tbe  tranfverfe  diameter , tbeJ-ivo  abfciffas  and  the  ordi- 
nate being  given,  to  find  the  conjugate. 

RULE. 

As  the  fquare  root  of  the  produdt  of  the  two  abfciffas. 
Is  to  the  ordinate ; 

So  is  the  tranfverfe  diameter. 

To  the  conjugate.* 


EXAMPLES. 

1.  The  tranfverfe  diameter  is  120,  the  ordinate  is 
48,  and  the  two  abfciffas  are  160  and  40:  required 
the  conjugate. 

160 

40 

6400(80 
64  ♦ 


* This  rule  exprefled  algebraically  is  tj  — ^ x X 
X x'zzc  zz  conjugate  diameter. 


l'  + *) 
As 
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1 20  the  tranfverfe  axis. 
48 


960 

480 
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8.0)576.0 

" 

72  —conjugate  required. 

2.  The  tranfverfe  diameter  is  24,  the  ordinate  14, 
and  the  abfcifla  8 and  32  : required  the  conjugate. 

Anf  21. 

CASE  IV. 

The  conjugate  diameter,  the  ordinate  and  two  ahfcijfas 
being  given,  to  find  the  tranfverfe. 

RULE. 

1.  Add  the  fquare  of  the  ordinate  to  the  fquare  of 
the  femi-conjugate,  and  find  the  fquare  root  of  their 
fum. 

2.  Take  the  fum  or  difference  of  the  femi-conjugate 
and  this  root,  according  as  the  lefs  or  greater  abfcifla 
is  ufed,  and  then  fay. 

As  the  fquare  of  the  ordinate. 

Is  to  the  produ&  of  the  abfcifla  and  conjugate  ; 

So  is  the  fum,  or  difference,  above  found. 

To  the  tranfverfe  required.* 


• This  rule  in  algebraic  terms  is  — x ( s/ “£r)~f 


z:  tranfrerfe  diameter. 
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^ EXAMPLES. 

I.  The  conjugate  diameter  is  72,  the  ordinate  is  48, 
and  the  lefler  abfcifla  40  : what  is  the  tranfverfe  ? 

Here  a/48'~  + 361=v'2304  + 1 296=  f 3600=60, 
and  60 -f  36—96. 

Alfo  72  X 40  — zHo=produdt  of  the  abfciffa  and  con- 
jugate. Whence , 

As  2304  : 2880  : : 96 
96 


17280 

25920 


3304)  27648o(  1 2 o— tranfverfe  required. 
2304 


4608 

4608 

r 

2.  The  conjugate  diameter  is  2 1,  the  lefler  abfcifla 
8,  and  its  ordinate  14:  required  the  tranfverfe. 

Anf.  24. 

3.  Required  the  tranfverfe  diameter  of  the  hyper- 

bola, whofe  conjugate  is  36,  the  lefler  abfcifla  being 
20.  Anf.  60. 


PROBLEM  XIII. 

To  find  the  length  of  any  arc  of  an  hyperbola , beginning 
at  the  "vertex. 


RULE. 
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RULE* * 

1.  To  19  times  the  tranfverfe,  add  21  times  the 
parameter  of  the  axis,  and  multiply  the  fum  by  the 
quotient  of  the  abfcilfa  divided  by  the  tranfverfe. 

2.  To  9 times  the  tranfverfe,  add  21  times  the  pa- 
rameter, and  multiply  the  fum  by  the  quotient  of  the 
abfcifla  divided  by  the  tranfverfe. 

3.  To  each  of  the  produ&s,  thus  found,  add  15 
times  the  parameter,  and  divide  the  former  by  the 
latter ; then  this  quotient  being  multiplied  by  the  ordu 
irate  will  give  the  length  of  the  arc  nearly. 

EXAMPLES. 

i.  In  the  hyperbola  g a e,  the  tranfverfe  diameter 
is  80,  the  conjugate  60,  the  ordinate  gh  10,  and  the 
abfcifla  ah  2.1637:  required  the  length  of  the  arc  ag. 


Demon.  Let  t~  femi-tranfverfe  axe,  c — femi-conj ugate, 

• " t 2 

* ~ ordinate,  and  y — abfcifla.  Then  will  y x (1  + vv 

6 c* 

t*+4tZcz  t(' + + %tz  c4 

“ 40 cs  y ^ 77^711  ■ y6,  See.)  —length  of  the 

arc,  as  is  Ihewn  by  the  writers  on  fluxions. 

■n  t — 2 C 

■“ut  x — — — a,  and — “ parameter  rr />,  by 

the  nature  of  the  curve.  Confequently  the  rule  becomes 
(>S/’  + I9f  + ii^X-i)4-(i5/.  + 9f  + 2i/.x— ) Xy~ 
(is/>t+jgex  + zi/>x)~  {i$pt  + <)tx  + zipx)xy—yx  : I +. 

7.X  2XZ 

— &c.  winch  by  fubrtituting  the  values  of  x and  *.  and 

3P  SP 

expanding  the  terms,  gives  a feries,  agreeing  nearly  in  the 
three  firft  terms  with  the  former,  and  therefore  the  rule  is  an 
approximation,  . * 


If 


\ 


t 
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A 


= parameter. 

. 2.1617  

And  80x19x45X21  X — r — - = 1520+  945  X 

, oO 


. 02704=2465  X. 02704=66. 6536. 

2.l6^7  

Alfo  80  x 94-45  X 21  X -i— — =7204-645  x.0274 

s3 

= 1665  X .02704=45.0216. 

Whence  6754-66.6536-7-675  X45. 0216  = 741. 6536 
-f- 720.0216=  1.03004;  and  1.03004X10^:10.3004 
= length  of  the  arc  required. 

2.  The  tranfverfe  diameter  of  an  hyperbola  is  120, 
the  conjugate  72,  the  ordinate  48,  and  the  ablcifla 
40  ; required  the  length  of  the  curve. 

Anf.  62.6496. 

3.  Required  the  whole  length  of  the  curve  of  an 

hyperbola,  to  the  ordinate  16;  the  tranfverfe  and  con- 
jugate axes  being  10  and  60.  Anf.  20.601. 


1 


PROBLEM  XIV. 

Vo  find  the  area  of  an  hyperbola , the  tranfverfe,  conju- 
gate and  abfeiffa  being  given. 


If  t — femi  tranfverfe,  c~  femi-conjugate,  and  y — ordinate 
irawn  from  the  end  of  the  required  arc;  then  y X (1  4* 

'V  . t*+Vlc*+ 8<4  SJ1 


r44-4 37*  f4  4-4ftf*~b  %c4 

a . s 4*  . .-1  • 

1 2 20  1 t4c 


6 c4 

ength  of  tlie  arc. 


14 


c &c.)  = 


RULE. 
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RULE.* 

1.  To  the  produft  of  the  tranfvefe  and  abfcifla, 
add  f of  the  fquare  of  the  abfcilfa,  and  multiply  the 
fquare  root  of  the  fum  by  21. 

2.  Add  4 times  the  fquare  root  of  the  produft  of 
the  tranfverfe  and  abfcifla,  to  the  product  laft  found, 
and  divide  the  fum  by  75. 

3.  Divide  4 times  the  product  of  the  conjugate  and 
abfcifla  by  the  tranfverfe,  and  this  laft  quotient  multi- 
plied by  the  former  will  give  the  area  required  nearly. 

EXAMPLE?. 

In  the  hyperbola  gae,  the  tranfverfe  axis  is  30, 
the  conjugate  18,  and  the  abfcifla  or  height  ah  is  10: 
what  is  the  area  ? 

Here 


* Demin.  Let  t — tranfverfe  diameter,  c zz  conjugate, 

x 


abfcifla,  y — ordinate,  and  zzz: 


1 


Z- KS4  ■ 

J-3-5  3-5-7 


Then  it  is  well  known 

1 


5-7-9 


z J,  &c. — 


that  A.xy  X ( 

•area  of  the  hyperbola.) 

But  — -r.—  — c ~ conjugate  axe,  by  the  nature  of  tire 

y ta  \xx 

hyperbola.  _Confequentiy  the  expreflion  for  the  rule  — 

4ex  21  y rx+ £x+ 4y  tx  21  y fx  + Z x*+4y  tx 

— X n 4^7  x 

75  ' ytx  — x 4 

And  this  thrown  into  a feries  will  very  nearly  agree  with  the 
former;  which  fhews  the  rule  to  be  an  approximation. 

Q^E.  I; 

Rule  2.  If  2 v,  a^~bafes,  v,  and  v their  diftances  from  the 

centre,  and  the  other  letters  as  before,  then  wiH  vy' — <oy  

^ e y 4-rv 

— X n>p,  log.  of — area  of  the  fruflum  of  the  liy- 

4 ty  + cv  1 

perbola. 


Rule 
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Here  2 t y/  go  x io-f|-x  io1  = 2i  A/3004- 500-4-7  = 

21  V/300  + 71. 421*57  = 21  y/37 1.42857  — 21  x 19.272 
—404.712. 

(4^/3°  X 10  4-  404.712)  -4-  75  2=  (4  v'+OO  4- 
404.712)  -4-75  = (4X  1 7 • 3 z°5  + 404-7'2)  -4-  75  = 
(69.2824-404.712)4-75— 473.994-4-75-6.3199. 

Whence — - - X 6.3199— X 6.3199=6 

3 

X 4 X 6.3199=  24  X 6.3196=  151.6776  —area  re- 
quired. 

2.  The  tranfverfe  diameter  is  100,  the  conjugate 

60,  and  the  Idler  abfcifs  50;  what  is  the  area  of  the 
hyperbola?  Anf.  3220.363472. 

3.  Required  the  area  of  the  hyperbola  to  the  abfciiTa 
25,  the  two  axes  being  50  and  30.  Anf.- 805.0909. 


Rule  3.  If  t be  put=  tranfverfe  axis,  e — conjugate,  and 
x = abfeifia,  the  area  of  a fegment  of  an  hyperbola,  cut  off 

by  a double  ordinate,  will  be  — 
extremely  near. 


4 y/tx 4- 1**4-  Jtx  4£f 
*5  *. 
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SOLIDS. 


DEFINITIONS. 

>•  ' I 'HE  meafure  of  any  folid  body,  is  the  whole 
X capacity  or  content  of  that  body,  when  con- 
fidered  under  the  triple  dimenfions  of  length,  breadth, 
and  thicknefs. 

2.  A cube  whofe  fide  is  one  inch,  one  foot,  or  one 
yard,  &c.  is  called  the  meafuring  unit ; and  the  con- 
tent or  folidity  of  any  figure,  is  computed  by  the 
number  of  thofe  cubes  contained  in  that  figure. 

3.  A cube  is  a folid  contained  by  fix  equal  fquare 
fides. 


4.  A par allelopipedon  is  a folid  contained  by  fix  qua- 
drilateral planes,  every  oppofite  two  of  which  are 
equal  and  parallel. 

5-  A 
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c;.  A prifin  is  a folid  whofe  ends  are  two  equal, 
parallel,  and  fimiiar  plane  figures,  and  its  fides  paral- 
lelograms. 1 


6.  A cylinder  is  a folid  defcribed  by  the  revolution 
of  a right  angled  parallelogram  about  one  of  its  fides, 
which  remains  fixed. 


7.  A * pyramid  is  a folid  whofe  fides  are  all  triangles 
meeting  in  a point  at  the  vertex,  and  the  bafe  any 
plane  figure  whatever. 


8.  A fphere  is  a folid  defcribed  by  the  revolution  of 
a femi-circle  about  its  diameter,  which  remains  fixed. 


* The  definition  of  a cone  has  been  given  already. 

9.  The 
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9.  The  centre  of  a fphere  is  a point  within  the 
figure,  every  where  equally  diflant  from  the  convex 
furface  of  it. 

10.  The  diameter  of  the  fphere  is  a flraight  line 
palling  through  the  centre,  and  terminated  both  ways 
by  the  convex  fuperficies. 

11.  A circular  fpindle  is  a folid  generated  by  the  ^ 
revolution  of  a fegment  of  a circle  about  its  chord, 
which  remains  fixed. _ 


12.  A Jpheroid  is  a folid  generated  by  the  revolu- 
tion of  a femi-ellipfis  about  one  of  its  diameters,  which 
15  confidered  as  quiefcent. 

The  fpheroid  is  called  prolate,  when  the  revolution 
is  made  about  the  tranfverfe  diameter,  and  oblate  when 
it  is  made  about  the  conjugate  diameter. 


13.  Elliptic,  parabolic , and  hyperbolic  fpindles,  are 
generated  in  the  fame  manner  as  the  circular  fpindle, 
the  double  ordinate  of  the  fedtion  being  always  fixed 
or  quiefcent. 

14.  Parabolic  and  hyperbolic  conoids,  are  folids  formed 
by  the  revolution  of  a femi-parabola  or  hyperbola 
about  its  tranfverfe  axis,  which  is  confidered  as 
quiefcent. 
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i 5.  The  fegment  of  a pyramid,  fphere,  or  any  other 
folid,  is  a part  cut  off  from  the  top  by  a plane  parallel 
to  the  bafe  of  that  figure. 

16.  A frujium  or  trunk,  is  the  part  that  remains  at 
the  bottom  after  the  fegment  is  cut  off. 

17.  The  zone  of  a fphere , is  that  part  which  is  in- 
tercepted between  two  parallel  planes ; and  when  thofe 
planes  are  equally  diftant  from  the  centre,  it  is  called 
the  middle  zone  of  the  fphere. 

1 8.  The  height  of  a folid  is  a perpendicular,  drawn 
from  its  vertex  to  the  bafe  or  plane  on  which  it  is 
fuppofed  to  Hand. 

PROBLEM  I. 

To  find  the  folidity  of  a cube,  the  height  of  one  of  its 
Jides  being  given. 

RULE.* 

Multiply  the  fide  of  the  cube  by  itfelf,  and  that 
produft  again  by  the  fide,  and  it  will  give  the  folidity 
required. 


* Demon.  Conceive  the  bafe  of  the  cube  to  be  divided  into  a 
number  of  little  fquares,  each  equal  to  the  fuperficial  meafuring 
unit. 

Then  will  thofe  fquares  be  the  bafes  of  a like  number  of 
fmall  cubes,  which  are  each  equal  to  the  folid  meafuring  unit. 

But  the  number  of  ittle  fquares  contained  in  the  bafe  of 
the  cube  are  equal  to  the  fquare  of  the  fide  of  that  bafe,  as 
has  been  fhewn  already. 

And  confequently,  the  number  of  fmall  cubes  contained  in 
the  whole  figure,  mull  be  equal  to  the  fquare  of  the  fide  of 
the  bafe  multiplied  by  the  height  of  that  figure;  or,  which  is 
the  fame  thing,  the  fquare  of  the  fide  of  the  bafe  multiplied  by 
the  bafe,  is  equal  to  the  folidity.  Q^E.  D. 

Note.  The  furface  of  the  cube  is  equal  to  6 times  the  fquare 
cf  its  fide. 
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EXAMPLES. 

8.  The  fide  as,  or  b c of  the  cube  abcdfghe, 
is  25.5  : what  is  the  folidity? 

F E , 


A i 


Here  a b3^:  2 jTrf 3 = 25.5  X 25.5  X 25.5  rr  25.5  X 
65°. 25^16581. 375  the  anfwer,  or  content  of  the  cube. 

2.  The  fide  of  a cube  is  15  inches:  what  is  the 

folidity  ? f0.  jn.  pa, 

Anf  I 11  5 

3.  What  is  the  folidity  of  a cube  whofe  fide  is 

17.5  inches?  3.101  feet, 

PROBLEM  II. 

To  fuel  the  folidity  of  a parallelopipedon. 

RULE.* 

Multiply  the  length  by  the  breadth,  and  that  pro- 
duct again  by  the  depth  or  altitude,  and  it  will  give* 
the  folidity  required. 


* The  reafon  of  this  rule,  as  well  as  of  the  following  ones 
for  the  piifm  and  cylinder,  is  the  fame  as  that  for  the  cube. 

Note.  I he  furface  of  the  parallclopipedon  is  equal  to  the  fum 
•f  the  areas  of  each  of  its  fidcs  or  ends. 

G 
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EXAMPLES. 

i.  Required,  the  folidity  of  the  parallelopipedon 
abcdfegh,  whofe  length  a b is  8 feet,  its  breadth 
fb  4j  feet,  and  the  depth  or  altitude  ad  6|  feet ? 


* 


Here  abX  adX  fd  = 8 X 6.75  X4-5  - 54y  4T  - 

243  folid  feet,  thevontenls  of  the  parallelopipedon  required . 

" z.  The  length  of  a parallelopipedon  is  15  feet,  and 

each  fide  of  its  fquare  bafe  21  inches : what  is  the  foil- 
ditv?  Anf.  \%.0)feet. 

3.  What  is  the  folidity  of  a block  of  marble,  whofe 
length  is  10  feet,  its  breadth  5!  feet,  and  the  depth 
3f  feet  ? Anf.  201.25  feet-  ; 


PROBLEM  III. 

To  find  the  folidity  of  a prifm. 


RULE.* 


Multiply  the  area  of  the  bafe  into  the  perpendicular 
height  of  the  prifm,  and  the  product  will  be  the  folidity. 


* The  furface  of  a prifm,  is  equal  to  the  fum  of  the  areas  of 
ie  two  entls^ind  each  o(  its  Tides. J 


EXAM' 


\ 
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EXAMPLES. 

I.  What  is  the  folidity  of  the  triangular  prifm 
abcfed,  whole  length  a b is  10  feet,  and  either  of 
the  equal  fides  bc,  cd,  or  db,  of  one  of  its  equilate- 
ral ends  bCd,  zf-  feet? 

E 


tf^ix2.5*x>/3=!x6.25xv'3=:i.562exv' 
3=1.5625X1.732  = 2.70625=*/™  of  the  bafe  bcd 
o 2.5  + 2.54-2.5  7.5 

Ur, —=3-75-1  fum  of  the  fides , 

B c,  c D,  d b cf  the  triangle  cdb,  , 

Ar.d  3.75  2.5=  I.25,  1.25,  1.25  and  1.25  = '* 

differences.  ' 

Whence  a/3-75  X 1.25  x 1.25  x 1.25  = 

— •Si  3252,S75  — ^-7°^3—^reaof  the  hofe as  before. 

And  2.7063  X 1 0=27.063  folid  feet,  the  content  of  the 
grifm  required.  J 

2.  What  is  the  folidityof  a triangular  prifm.  whofe 
length  is  18  feet,  and  one  fide  of  the  equilateral  end 

**  fCCL? A"f-  1 7-50859  feet. 


; » I.rv — 

Thi  . rale  may  be  feen  In  the  Notes  to  Problem  III.  p.  4s. 

G 2 Kc- 
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z.  Required  the  folidity  of  a prifm  whofe  bafe  is  a 
hexagon,  fuppofing  each  of  the  equal  fides  to  be  i foot 

4 inches,  and  the  length  of  the  prifm  1 5 feet. 

* Anf.  69.282  feet. 

PROBLEM  IV. 

T 0 find,  the  convex  furface  of  a cylinder. 


RULE* 

Multiply  the  periphery  or  circumference  of  the  bafe, 
by  the  height  of  the  cylinder,  and  the  product  will  be 
the  convex  furface  required. 


examples. 

1 . What  is  the  convex  furface  of  the  right  cylinder 
A B c D,  whofe  length  b c is  20  feet,  and  the  diameter 

of  its  bafe  a b 2 feet  ? 


, n , f . he  oeripherv  of  the  bafe  be  conceived  to  move. 

Demon.  If  P P * win  generate  the  convex  fu- 

In  a/'r!^hePiT  den  nd  therefore  Se  raid  periphery  being 
fuperficics.  QJ.-V-  ends  be  added  t0  the 
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Here  3 . 1 4 1 59  X 2 =6.283  1 8 —periphery  of  the  bafe 

A.  B. 

And  6.28318X20=125.6636  fquare  feet , the  con- 
vexity required. 

2.  What  is  the  convex  furface  of  a right  cylinder, 

the  diameter  of  whole  bafe  is  30  inches,  and  the 
length  60  inches  ? Anf  5654.862  inches. 

3.  Required  the  convex  fuperficies  of  a right  cy- 

linder, whofe  circumference  is  8 feet  4 inches,  and  its 
length  14  feet.  Anf.  1 16.666  lAc.feet. 

PROBLEM  V. 

To  find  the  folidiiy  of  a cylinder. 

x RUL  E.* 

Multiply  the  urea  of  the  bafe  by  the  perpendicular 
height  of  the  cylinder,  and  the  produft  will  be  the  fo- 
lidity, 

EXAM- 


* The  four  following  cafes  contain  all  the  rules  for  finding 
the  fuperficies,  and  folidities  of  cylwdric  urgulas. 

1.  When  the  feSlion  is  parallel  to  the  axis  of  the  cylinder. 

/ F 


E 


Rule.  1.  Multiply  the  length  of  the  arc  line  of  the  bafe  by 
the  height  of  the  cylinder,  and  the  produft  will  be  the  cur-ve 
furface. 

a.  Multiply  the  area  of  the  bafe  by  the  height  of  the  cylin- 
der, and  the  produdt  will  be  the  folidity. 

C 3 


II  When 
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EXAMPLES. 

I.  What  is  the  folidity  of  the  cylinder  abcd,  the 
diameter  of  whofe  bafe  ab  is  30  inches,  and  the  height 
b c 50  inches  ? 

Her t 


II.  When  the  feBion  pafjl •:  obliquely  tb tough  the  oppcflte  fide* 
of  the  cylinder. 


Rule.  1.  Multiply  the  circumference  of  the  bafe  of  the  cy- 
linder by  half  the  fum  of  the  greateft  and  leaft  length,  of  the 
ungula,  and  the  produft  will  be  the  curve  furface. 

2.  Multiply  the  area  of  the  bafe  of  the  cylinder  by  half  the 
fum  of  the  greateft  and  leaft  lengths  of  the  ungula,  and  the 
prod u ft  will  be  the  folidity. 

III.  When  the  feBion  pajfes  through  the  bafe  of  the  cylinder , 
and  one  of  its  [ides. 


G 


Rule.  1.  Multiply  the  fine  of  half  the  arc  of  the  bafe  by 
the  diameter  of  the  cylinder,  and  from  this  produft  fubtraft  the 
produft  of  the  arc  and  cofine. 

2.  Multiply  the  difference,  thus  found,  by  the  quotient  of 
the  height  divided  by  the  verfed  fine,  and  the  produft  will  be 
the  curve  furface. 


1.  From 
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Here  .7854 X 30*:=. 7854 X 900=  70 6.%6—area  of 
^ be  bafe  ab.  r 

3 5343 

And  706.86  X^jP  — 35343  cubic  inches ; tr  ■ 

“20.4531  /olid  feet , the  anfvjer  required. 

" 2.  What 


1.  From  $ of  the  cubs  of  the  right  fine  of  half  the  arc  of  the 
bafe,  fubtradl  the  produdl  of  the  area  of  the  bafe  and  the  cofine 
of  the  faid  half  arc. 

a.  Multiply  the  difference,  thus  found,  by  the  quotient  arif-i 
ing  from  the  height  divided  by  the  verfed  fine,  and  the  produtt 
will  be  the  flidity. 

IV.  IVben  the  Je  flier,  faffes  obliquely  through  both  end:  of  the 
cylinder. 


Pule.  1,  Conceive  the  feflion  to  be  continued,  till  it  meets 
the  fide  of  the  cylinder  produced;  then  fay,  as  the  difference ’ 

G 4 of 


I 
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2.  What  is  the  folidity  of  a cylinder  whofe  height 
is  5 feet,  and  the  diameter  of  the  end  2 feet  ? 

Anf.  15.708  feet. 

3.  What  is  the  folidity  of  a cylinder  whofe  height 

is  20  feet,  and  the  circumference  of  its  bafe  20  feet 
alfo  ? Anf.  636.64  feet. 

4.  The  circumference  of  the  bafe  of  an  oblique 

cylinder  is  20'  feet,  and  the  perpendicular  height 
iy.318  : what  is  the  folidity  ? Anf  614.926 feet. 


PROBLEM  VI, 

To  find  the  convex  furface  of  a right  cone.  f • 

RULE.* * 

Multiply  the  circumference  of  the  bafe  by  the  Bant 
height,  or  the  length  of  the  fide  of  the  cone,  and  half 
the  product  will  be  the  furface  required. 

EXAM- 


cf  the  verfed  -fines  of  half  the  arcs  of  the  two  ends  of  the  ungula, 
is  to  the  verfed  fine  of  half  the  arc  of  the  lefier  end,  fo'is  the  ' 
height  of  the  cylinder  to  the  part  of  the  fide  produced. 

2°.  Find  the  furface  of  each, of  the  ungulas,  thus  formed,  by 
cafe  the  third,  and  their  difference  will  be  the  furface  required. 

3.  In  like  manner  find  the  foLidities  of  each  of  the  ungulas, 
and  their  dififercncewill  be  the  folidity  required. 

* Demon.  Let  a b — a,  b c—  b,  3.1416  — /,  and  e d —y. 

Then  a : b : \y  : — m d c ; and  fy  -circumference  of  the 
a 

circle  e d . 


Bi if 
. From 


of  SOLIDS. 

v • 


129 


EXAMPLES. 

I.  T^he  diameter  of  the  bafe  a b is  3 feet,  and  the 
flant  height  a c or  b c 15  feet:  required  the  convex 
furface  of  the  cone  a c b. 

C 


Here  3.1416X  3^:94248  —circumference  of  the  lafe 


A L . 


. ,0.4248X15  141.3720  „ 

And,  — : "Z170.686  fquare  feet , 


the  convex  furface  required. 

2.  The  diameter  of  a right  cone  is  4.5  feet,  and 
the  flant  height  20  feet : required  the  convex  furface.  ' 

Anf  1 41. 3 72  feet. 


b y 

Butpy  x — — fluxion  of  the  furface  of  c e d,  and  its  fluent 
a 

— which,  when  yzzta,  becomes  — convex  furface 

2tf  2 

of  the  whole  cone.  Q^E.  D. 

To  find  the  furface  of  a right  pyt  amid. 

Rule.  Multiply  the  perimeter  of  the  bafe  by  the  length  of 
the  fide,  or  flant  height  of  the  cone,  and  half  the  produft  will 
be  the  furface  required. 

G 5 3,  The 
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3.  The  circumference  of  the  bafe  is  10.75,  anci  ^ie 
flant  height  18.25  : what  is  the  convex  furface  ? 
v ' / Anf.  98.09375. 


PROBLEM  VII. 

To  find  the  convex  furface  of  the  frufium  of  a right 
cone . 


RULE.* 

Multiply  the  fum  of  the  perimeters  of  the  two  ends, 
by  the  llant  height  of  the  fruftum,  and  half  the  produft 
will  be  the  furface  required. 


* Demon.  Let  the  perimeter  of  the  circle  a b — p,  that  of 
E D b d — A,  and  the  reft  as  in  the  laft  problem. 

Then  r:^::J(Bc):cDj  and,  by  divifion,  p — p ; : b 

— c d (£)  : c d — -ll 1 3 but  ?x  (i  + -tL. ) — twice  the 
r—p  v—p 

convex  furface  of  the  whole  cone,  by  the  laft  rule  j and  alfo  p 
P ^ 

X —twice  the  convex  furface  of  the  part  ecd.  There- 

r—p 

•p  b P h ' - p b 

fore  r X (f>  + — — ) —p  X -A—  =£p+p— pX— — — hr 
p — p p — p p — p 

+ bp— r + pXb  — twice  the  convex  furface  of  the  f^j^am 


AtDt;  and  the  half  thereof  is  -~X/' ' which  is  the  fame'  as 

a 

the  rule.  Q^E.  D. 

To  jind  the  furface  of  the  frufium  of  a right  pyramid. 

Ru/e,  Multiply  the  fum  of  the  perimeters  of  the  end  by  the 
flant  height,  and  half  the  produift  will  be  the  furface  required. 


/ 
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examples. 

1.  In  the  fruhum  abed,  the  circumferences  of  the 
twoends  ab  and  de  are  22.5  and  1 5 • 7 5 refpefhvely, 
and  the  flant  height  b d is  26  : what  is  the  convex 
furface  ? . 

C 


38.25  X 1 5 —497.25  — con-vex  furface  required. 

2.  What  is  the  convex  furface  of  the  fruftum  of  a 

right  cone,  the  circumference  of  the  greater  end  being 
30  feet,  that  of  the  lefier  end  10  feet,  and  the  length  of 
die  flant  fide -20  feet  ? Anf.  400  feet. 

3.  What  is  the  convex  furface  of  the  fruftum  of  a‘ 
right  cone,  the  diameters  of  the  ends  being  8 and  4. 
feet,  and  the  length  of  the  flant  fide  20  feet  ? 

Anf  376.992  feet. 

4.  If  a fegment  of  6 feet  flant  height  be  cut  off  a 
cone  whofe  flant  height  is  30  feet,  and  circumference 
®f  its  bafe  10  feet : what  is  the  furface  of  the  frullum  ? 

Anf  1 44/  ittm 

G6 
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PROBLEM  VIII. 

7“o  fnd  the  folidity  of  a cone  or  pyramid. 

RULE* 

Multiply  the  area  of  the  bafe  by  cf  the  perpen- 
dicular height  of  the  cone,  and  the  product  will  be 
the  folidity. 


EXAMPLES. 


i.  Required  the  folidity  of  the  cone  acb,  whofe 
diameter  as  is  20,  and  its  perpendicular  height  c s 
z4. 

‘ >.1 


* Demon.  Let  sc: ~a,  c s~x,  and  a r:  area  of  the  bafe  of 
the  cone  ace. 

Then  az  (c  s*)  : xz  (c  sz)  : : a b2  : e dz  (by  fim.  Ai)  : : a : 


(—  area  of  the  circle  e d ) becaufe  all  the  circles  are  as  the 
a 

fquares  of  their  diameters. 

A » ■ 

But X x—  fluxion  of  the  cone  e c d,  and  its  fluent  “ 

■ a1 


A X 


3 a a a 

: which,  when  x~a,  becomes  — ~ a x — for  the  foil- 
s'*2 3 3 


dity  of  the  whole  cone.  Q^E.  D. 

In  the  pyramid  c e d b it  will  be  a1  (c  s1}  : xz  (c  s1)  : : 
cei  : cei : : id1  : eoz  (by  fim.  Ai):  : a (area  of  the  bafe  eb)  : 


AX* 


(area  of  the  polygon  eb)  becaufe  all  fimilar  figures  are  as 


the  fquares  of  their  like  fides. 


A X*"  * • 1 » • 

But x influxion  of  the  pyramid  c eoby  and  its  cor* 

a 2 


reft  fluent  ~ a x — the  fame  as  in  the  cone  5 and  this  rule  is. 
3 

general,  let  the  figure  of  the  bafe  be  what  it  will. 


Here 
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Here  .7854X20^.7854  x 400=31 4. i6=«r^  of 
the  hafe  ab. 

.«W  3 1 4. 1 6 x */  = 3 1 4- 1 6 * 8 = 2 5 1 3 • 2 8 -fohdity 

required. 

2.  Required  the  folidity  of  the  hexagonal  pyramid 
e c b d,  each  of  the  equal  fides  of  its  bafe  being  40, 
and  the  perpendicular  height  c s 60. 


C 


Here  2.598076  [multiplier  when  the  fide  is  1)  X 401rr 
2.598076  x 1600^:4156.  yi\(>~area  of  the  bafe. 

Andy 
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And,  4156.921 6 X ~ 4156.9216  X 20  ~ 
83  1 3^43z  folidity  required. 

3.  Required  the  folidity  of  a triangular  pyramid, 
whole  height  Is  30,  and  each  fide  of  the  bafe  3. 

. , . . 3^-971 17. 

4.  Required  the  folidity  of  a fquare  pyramid,  each 
fide  of  vvhofe  bafe  is  30, 'and  the  perpendicular  height 

2°'  . . . . An/.  6000. 

5-  What  is  the  folidity  of  a cone,  the  diameter  of 
whofe  bafe  is  18  inches,  and  its  altitude  1 5 feet  ? 

An f 8.83575  feet. 

6.  If  the  circumference  of  the  bafe  of  a cone  be  40 
feet,  and  the  height  50  feet ; what  is  the  folidity  ? 

Anf  2120  feet. 

7.  What  is  the  content  of  a pentagonal  pyramid,  its 
height  being  12  feet,  and  each  fide  of  its  bafe  2 feet? 

A”/.  27.527. 


PROBLEM  IX. 

To  find  the  folidity  of  the  frufium  of  a cone  or  pyramid. 

RUL  E * 

I.  For  thefrufiutn  of  a cone,  the  diameters  of  the  two 
ends,  and  the  height  being  gineen. 

Divide 


* Demon.  Let  d — diameter  a b,  d — * d,  p =r  .7854,  and 
b — sj  — height  of  the  frufium  of  the  cone  a b d e,' (fee  the  Jaft 
figure.) 

Then  d • d : : b s : c s,  and  d — J : d : ; cs  — cs  (b)  : 
db 

, “ c j— height  of  the  cone  idc, 

d — d 


But 
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Divide  the  difference  of  the  cubes  of  the  diameters 
of  the  two  ends,  by  the  difference  of  the  diameters, 
and  this  quotient  being  multiplied  by  .7854  and  again 
by  j of  the  height  will  give  the  folidity. 

2.  For  the  frujium  of  a pyramid,  the  fides  and  height 
being  given. 

To  the  areas  of  the  two  ends  of  the  fruftum  add  the 
fquare  root  of  their  produft,  and  this  fum  being  multi- 
plied by  |of  the  height  will  give  the  folidity. 

j.  What  is  the  folidity  of  the  fruftum  of  the  cone 
eabd,  the  diameter  of  whofe  greater  end  a b is 


But  ^ D X (b  4 — ) — folidity  of  the  whole  cone  a c b, 
3 d — d 

x - — that  of  the  cone  ic»,  Therefore 
3 n— d ' 3 

db  p dx  db  . D b 

X (b  + X , — (»*  X ; — d1  X 


d — i>. 


D — d 


ilL.)  X — = (b  D1  + D1—  d1  X 

D—d  3 


db 


,)*~ 

D — d 3 


D — d 

p n3  — d3 


J>  —J 

tf-  — folidity  of  the  fruftum  abde.  Q^E,  D. 

3 

Again,  (or  the  polygon,  let  srtp,  s~ed,  and  m—  proper 
multiplier  in  the  table  of  polygons  ; then  and 

,,,  bi 

j — 1 : s : : ci  — ci  (A;  : ■. 

s — 1 

But  ms1  and  ms 1 are  the  areas  of  polygons  whofe  Tides  are  s 

„ ms1  hs  , msx 

and  1 refpedtively.  A nd  therefore  — X (*  4 ) x 

3 S-J  3. 

-i-L  — (ms1  4-  ms1—  msiX — - X — — (ms+mss  + ms1)  x 
s— j 5—J  3 

— —folidity  of  the  fruftum  (aosi,  which  is  the  fame  as  the 
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5 feet,  that  of  the  leffer  end- r*  d 3 feet,  and-  the  per- 
pendicular height  js  9 feet i 


Here  5— X .7«54X f=  ■ — 2?X.7854  X 3 = 

5 3 2 

08  ■ 

— X 2.3562—49X2.3562=115.4538  /olid feet,  the 
content  of  the  frujlum.  ' ‘ 

2.  What  is  the  folidity  of  the  fruftum  e e d b£,  of 
an  hexagonal  pyramid,  the  fide  e n of  whofe  greater 
end  is  4 feet,  that  ed  of  the  lelfer  end  3 feet,  and-the 
height  s / 9 feet  ? 


Here  2.598076  {tab.  mult.)  X 3*  — 2.598076  X 9 = 
23.3826z4=tfmr  of  the  polygon  eb. 

^^2.598076  {tab.  mult.)  X 4*=2. 598076  X 1 6 = 
41.569216 —area  of  the  polygon  E b . 


Whence 
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Whence  ^41.5692 16  x 23.382684=  -/97*  1 -999H1 
—31.17691 1. 

^(41.569216  + 23.382684+31.176911)  Xf  = 
96.1 2881 1 X 3^:288.386433  feet,  —folidity  required. 

3.  What  is  the  folidity  of  the  fruflum  of  a cone,  the 
diameter  of  the  greater  end  being  4 feet,  that  of  the 
lelTer  end  2 feet,  and  the  altitude  9 feet? 


* The  following  cafes  contain  all  the  rules  for  finding  the 
fuperficles  and  folid.ities  of  conical  ungulas. 

1.  K'btn  tbe  ftftitn  paffes  through  tbi  eppojitt  extremities  of  the 

etiJt  of  the  frujlum, 


Ltft  d~ab,  the  diameter  of  the  greater  end?  d—ct>  tbe 
diameter  of  the  lef$  end,  h =2  perpendicular  height  of  the  fruf-  ' 
turn,  and  n~. 78539,  &c. 

Then  will  o2-— d y-  vd  — v—d  X \ndb~  folidity  of  the 
elliptic  ungula  a n b. 

And  JL-  v/4i^4-(D— t/r)  x = curve 


Anf.  65.9736. 
4.  What 


B 


2.  TVben  tbe'  feBion  cuts  off  part  of  the 
angle  D r B left  than  tbe  angle  CAB . 


bafe,  and  makes  tbt 


r 


Let 


.. 


K 
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4.  What  is  the  folidity  of  the  fruilum  of  a cone, 
the  circumference  of  the  greater  end  being  40,  that  of 
the  Idler  end  20,  and  the  length  or  height  50  ? 

- ' . 3713 -64. 

5.  What  is  the  fojidity  of  the  fruftum  of  a fquare 

pyramid,  one  fide  of  the  greater  end  being  18  inches, 
that  of  the  Idler  end  15  inches,  and  the  height  60 
inches  ? _ Anf.  16380  inches. 

6.  What  is  the  folidity  of  the  fruftum  of  an  hexa- 
gonal pyramid,  the  fide  of  whofe  greater  end  is  3 feet, 
that  of  the  Idler  end  z feet,  and  the  length  12  feet? 

M'  1 9745  3 776/«'- 
PRO. 


Let  jr  tabular  fegment,  whofe  verfed  fine  is 
tab.  feg.  whofe  verfed  fine  is  ur  — ^o  — d)  --  d,  and  the  other 
letters  as  before. 


Then  (s  X d3  — s X<d  X 


n r 


V 


B r 


Ox 


\b 


sr—  D — d B r—D—d  D — d 

— folidity  of  the  elliptic  hoof  eras. 

1 — 

— a/  A hi  4-  ( D — V f Cf>cr . w ts  * — 

V — d 


And  — </  ifb1-  + (d  — d)x  x (feg.  rsi  - — , X 

1 — " ft  * D * 


B r 


d—Ar  d—Ar 


X feg.  of  the  circle  a b,  whoHr 


height  is  p X — ~ convex  furface  of  enc, 

d 

3.  When  the  jcRicn  is  parallel  to  one  of  the  fdes  of  the  frujlvm. 


Let  a — area  of  the  bafe  nr,  and  the  other  letters  as 
before. 

Then 


j * 
f 
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PROBLEM  X. 

To  find -the  fiolidity  of  a cuneus  or  wedge. 

RULE.* * 

Multiply  the  fum  of  twice  the  length  of  the  bafe 
and  the  length  of  the  edge,  by  the  produft  of  the 

height 


Then  (iii?  — ^dy/  (d  —d)  X a)  X \b±  folidity  of  the 
parabolic  hoof  t r b d. 

And  — J X (re8‘  fhi  — — d 

D — a 

X y/ dxo  — d)  ~ convex  furface  of  t r b d , 

4.  When  the  fefiion  cuts  off  part  of  the  bafe,  and  makes  tbeangle 
Dr  B greater  than  the  angle  CAB. 


Let  the  area  of  the  hyperbolic  fedion  tor  — a,  and  the  area 
of  the  circular  feg.  ibt  ~ a. 

Then  AL  X (<»  X d — a x d *”-)  = folidity  of  the  hy- 
d— b *■  c r 

pcrbolic  ungula  z r b d 

1 

D — d 
Br — -*^(d — d) 


And  — L_  X V 4$*  + (o  — d)%  X (cir.  feg.  * u r — X 


d 1 
75 


■/ 


curv?  furface  of  z r b d. 

d X cr 


B r — D — d Br — D — d 

Note.  The  tranfverfe  diameter  of  the  hyp.  feg.  — 

B r 


d — d — cr 


and  the  conjugate  — d y/ , from  which  its  area  may 

be  found  by  the  former  rules. 

* Lemon.  When  the  length  of  the  bafe  is  equal  to  that  of 
the  wedge,  the  wedge  is  evidently  equal  to  half  a prifm  of  the 
fame  bafe  and  altitu^p.  And 
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height  of  the  wedge  and  the  breadth  of  the  bafe,  and 
i of  the  laft  produfl  will  be  the  folidity. 


/ EXAMPLES. 

i . How  many  folid  feet  are  there  in  a wedge,  whofe 
bafe  is  5 feet  4 inches  long,  and  9 inches  broad,  the 
length  of  the  edge  being  3 feet  6 inches,  and  the  per- 
pendicular height  2 feet  4 inches  ? 


(64X8  + 42)  X28x9_(i28  + 42)x28x9_ 
170x28x9  170x28x3 

z=U — - = 170X  14  X 3 = 7140 

o 2 

/did  inches. 


And  according  as  the  edge  is  fhorter  or  longer  than  the  bafe, 
the  wedge  is  greater  or  lefs  than  half  a prifm,  by  a pyramid  of 
the  fame  height  and  breadth  at  the  bafe  with  the  wedge,  and 
the  length  of  whofe  bafe  is  equal  to  the  difference  of  the  lengths 
of  the  edge  and  bafe  of  the  wedge. 

Therefore,  let  the  length  of  the  bafe  b c — l ; the  length 
of  the  edge  Etr/;  the  breadth  of  the  bafe  b a —b  ; and  the 
height  of  the  wedge  e p = b ; and  we  fliall  have  by  the  former 

bib  4-  1 = / bib  . L — l , _ 

rules 4;  b l X = h b b X - ■ — — bb  X 

2 32  3 

’’Ltlld-  i—  bhX,  Q^E.D. 

2 6 

And 
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And  7 140-7-1728=4. 13 19  /olid  feet,  the  cbhtent  re- 
quired. 

z.  The  length  and  breadth  of  the  bale  of  a wedge 
are  35  and  15  inches,  and  the  length  of  the  edge  is 
5 5 inches  : what  is  the  folidity,  fuppofxng  the  perpen- 
dicular height  to  be  17.14508  inches? 

Anf.  3.1006  feet. 

PROBLEM  XI. 

To  find  the  folidity  of  a prifmoid. 

RULE.* 

To  the  fum  of  the  areas  of  the  two  ends  add  four 
times  the  area  of  a fedlion  parallel  to  and  equally 
diftant  from  both  ends,  and  this  laft  fum  multiplied  by 

of  the  height  will  give  the  folidity. 

Note.  The  length  of  the  middle  redtangle  is  equal  to 
half  the  fum  of  the  lengths  of  the  redlangles  of  the  two 
ends,  and  its  breadth  equal  to  half  the  fum  of  the 
breadths  of  thofe  rectangles. 

EXAM- 


* Demon.  The  reitangular  prifmoid  is  evidently  compofed 
of  two  wedges,  wliofe  heights  are  equal  to  the  heighfof  the 
prifmoid,  and  their  bafes  its  two  ends.  Wherefore,  by  th# 
laft  problem,  its  folidity  will  be  rr  (2  l -4  / x b -p  2/-f  l x £)  X 


— , which,  by  putting  m — 
6 


L + l 


and  m — 


b 4 ■ b 


becomes 


n l + bl  4-  4 Mm  x — ; which  is  the  rule,  as  was  to  be  fhewn. 

6 

The  folidities  of  the  two  parts,  commonly  called  the  un- 
gulas,  of  hoofs,  into  which  the  fruftum  of  a reflangular 
pyramid  is  divided,  may  be  found  by  the  two  laft  rules,  as 
they  are  only  compofed  of  wedges  and  prifmoids. 

A very  elegant  demonftration  of  this  rule  for  the  prifmoid 
may  be  feen  in  Sinpfon'%  Fluxions,  page  179,  2d  Edition. 


If 


I 
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EXAMPLES. 

1.  What  is  the  folidity  of  a redlangular  prifmoid 
the  length  and  breadth  of  one  end  being  14  and  12 
inches,  and  the  correfpondlng  Tides  of  the  other  6 and 
4 inches ; and  the  perpendicular  30^  feet  l 


Here  14  Xi2-f6x4=  1 68 -f  24=:  191— jum  of  the 
areas  of  the  two  ends. 

HI  Jo  - r — ■ — = — = IO  — length  of  the  middle  re  & angle. 
J 2 2 

_4nd  1 2~^~  ^ — - — = 8 = breadth  of  the  middle  rectangle . 

Whence  10X8x4  = 80X4=320  = 4 times  the  area 
of  the  middle  reft  angle. 

Or  (320+  X92)  X “ = 512x61  = 3123*2 folid 


inches. 

And  3 1242-7-1728  = 18.074  folid feet,  the  content. 

2.  What  is  the  folid  content  of  a prifmoid,  whole 
greater  end  meafures  12  inches  by  8,  the  lefler  end 
8 inches  by  6,  and  the  length,  or  height,  60  inches  ? 

Anf.  2.453  feet. 


If  the  bafesof  the  prifmoid  are  diflBmilarre<»angles,of  which 
1.,  / and  m,  m ar»-cr>rrefponding  dimenfions,  and  b the  height ; 

Then  (zl  +7.  m + i/+ l.»)  X ~ b = folidity. 

. 3-  What 
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3.  What  is  the  capacity  of  a coal  waggon,  whofe 
jnfide  dimenfions  are  as.  follow:  at  the  top,  the 
length  is  8i and  breadth  5 inches ; at  the  bottom, 
the  length  is  4.1,  and  the  breadth  zg\  inches ; and  the 
perpendicular  depth  is  474  inches? 

jinf.  126340.59375  cubic  inches',  .'which  is  nearly 
equal,  to  a chaldron  of  coals. 

PROBLEM  XII. 

To  find  the  convex  furface  of  a fphere. 

RULE.* * 

Multiply  the  diameter  of  the  fphere  by  its  circum- 
ference, and  the  produtt  will  be  the  convex  fuperficie* 
required.  • 

Note.  The  curve  furface  of  any  zone  or  fegment  will 
alfo  be  found  by  multiplying  its  height  by. the  whole 
circumference  of  the  fphere. 

E X A M- 


* Demon.  Put  the  diameter  b c — d,  b a — x,  ac  —.y, 
bc“z|  and  3.14159,  Sec.—p. 

Then,  fince  the  triangles  aq,c  and  cep  are  fimilar,  we 

thall  have  c a ( y ) : c o ( — ) : c r.  (*)  : c d (x)  zz  — . But 
2 iy 

opyz.  is  the  general  expreflion  for  the  fluxion  of  any  furface; 

dx  1 

and  therefore  by  fubftituting  — for  its  equal  z,  the  fluxion  will 

• 2y 

he  co mepdx and  conftqucntly  pdx  — furface  of  any  fegment 
, of  a fphere  whofe  height  is  x,  and  pdd  — that  of  the  whole 
fphere.  Q^E.'D. 

Cor.  1.  The  furface  of  the  fphere  is  equal  to  the  curve  fur- 
face  of  its  circumfcribing  cylinder. 

Cor.  2.  The  furface  of  a fphere  is  alfo  equal  to  4 times  the 
area  of  a great  circle  of  it. 


1.  To 


1 44- 
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EXAMPLES. 

I.  What  is  the  convex  fuperficies  of  a globe  b c c 
whofe  diameter  bg  is  17  inches  ? 

D 


Here  3.14159X17X  17  = 53.40703  X 17=907.91951 
fquare  inches. 

And,  907.91951-7-144  = 6.30499  fqu&re  feet  the 
anjhver. 


1.  To  find  the  lunar  furface  included  between  two  great 
circles  of  the  fphere. 

Rule.  Multiply  the  diameter  into  the  breadth  of  the  fur- 
face  in  the  middle,  and  the  produdt  will  be  the  fuperficies  re- 
quired. 

Or,  As  one  right  angle  is  to  a great  circle  of  the  fphere  ; 

So  is  the  angle  made  by  the  two  great  circles. 

To  the  furface  included  by  them. 

a.  To  find  the  area  of  a fpherical  triangle,  or  the  furface 
included  by  the  interfering  arcs  of  three  great  circles  of  the 
fphere. 

Rule.  As  two  right  angles,  or  1800, 

, Is  to  a great  circle  of  the  fphere ; 

So  is  the  exccfs  of  the  three  angles  above  two  right  angles, 
, To  the  area  of  the  triangle. 

2.  What 


5 


o f S OX,  IDS.  14.5 

2.  What  is  the  convex  fuperficies  of  a fphere  whofe 

diameter  is  ij  feet,  and  the  circumference  4.1388 
feet?  Anf  5.58506 feet, 

3.  If  the  diameter.  Or  axis  of  the  earth,  be  7yS7i: 

miles ; what  is  the  whole  f.irface,  fuppolyig  it  to  be 
a perfect  Iphere  ? Anf.  1 9894365  3 f ju are  wiles. 

4.  The  diameter  of  a fphere  is  21  inches ; what  is 

the  convex  fuperficies  of  that  fegment  of  it  whofe 
height  is  4^  inches  ? Anf.  296.8802  inches. 

5.  What  is  the  convex  furfaceot  a fpherical  zone, 
whofe  breadth  is  4 inches,  and  the  diameter  of  the 
fphere,  from  which  it  was  cut,  25  inches ? 

Anf.  314.16  inchet. 


problem  xrir. 

rT°  find  the  folidity  of  a fphere  or  globe. 


RULE* 

Multiply  the  cube  of  the  diameter  by  .5236,  and 
the  produft  will  be  the  folidity. 

e x A M- 


* Demon.  Put  a d — x,  c d — y,  the  diameter  a b — d, 
and  p — 3.141 59, 

Then,  oy  the  property  of  the  circle,  dx—x—.y1.  But 
the  general  exprefTion  for  the  fluxion  of  any  folid  is  p^x- 
and  therefore  by  writing  dx — x 1 for  its  equal  we  lit. ill 

have  px  x \dx  - xl  — pdx  x —pxi  x.  The  lluent  of  which  is 
px*  IPelxt  — ZM* 

0.  ■, U — content  ot  the  fegment  cas, 


H 


And 


MENSURATION 


EXAMPLES. 

_ *•  V^'hat  is  the  folidity  of  the  fphere  aebc,  whofe 
diameter  ab  is  17  inches? 


Here  X73  X .5236=  17  x 17  X 17  X. 5236  = 289  X 17 
X. 5236=4913  X. 5236  = 5272. 4468  folid inches  ; 

And  5272.4468  1728  = x. 48868  folid  feet  the 

~ anfwer. 

2.  What  is  the  folidity  of  a fphere  whofe  diameter 

is  ly  feet?  Anf  1.2411  feet. 

3.  What  is  the  folidity  of  the  earth,  fuppofing  it 

to  be  perfectly  fpherical,  and  its  diameter  7957^ 
miles?  A>f  263858149120  miles. 


PROBLEM  XIV. 

To  find  the  folidity  of  the  fcgtd£St*ttf^A-  fphere . 


3 bid — 2/><f! 

And  if  d be  fubftituted  for  x it  will  become  - — 

9 

— zzdl  x .5236,  or  .5236.fl  3 which  is  the  fame  as  the  rule. 
6 

Ciroll.  A fphere,  or  globe,  is  equal  to  two-thirds  of  its 
circumfcribing  cylinder. 


v 

- > ■ V 


t RULE. 
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RULE.* 

To  three  times  the  fquare  of  the  radius  of  its  bafe 
add  the  fquare  of  its  height ; and  this  fum  multiplied, 
by  the  height,  and  the  produft  again  by  .5236  will 
give  the  folidity. 


EXAMPLES. 

I.  The  radius  cn  of  the  bafe  of  the  fegment  cad 
is  7 inches,  and  the  height  a » 4 inches:  what  is  its 
folidity  ? 

A 


* Dm 5.1.  Let  r — radius  of  the  bafe  of  the  fegment,  b — 
height  of  the  fegment,  and  the  other  letters  as  before. 

Then  will  (3^  — a/,3)  x 1_  — f0i;dity  of  the  fegment,  as 

is  (hewn  in  the  laft  problem. 
r1  -f-  bz 

B«t  fince = d)  by  the  property  of  the  c;rc]e>  we 

fcall  have  x x § _ foU_ 

4ity  of  thejfegment,  which  is  the  fame  as  the  rule. 

Or  if  d — diameter  of  the  fpherc,  and  b — height  of  the  fe<r 
ment  j then  will  .52366*  * (3<f-z6)  - folidity.  E' 

Hz  H,n 
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Here  (7* *X  3 + 45-)  X4X  .5236=  (49X  3 + 4*)  X 4 
X -5236  = ( 147  + 4*'  X 4X  .5236  = (147+  16)  X 4 
x .5236=163  x 4 x .5236=652  x .5236  = 341.3872 
/olid  inches,  the  anfwer. 

2.  What  is  the  folidity  of  the  fegment  of  a fphere, 
the  diameter  of  whole  bafe  is  20,  and  its  height  9 ? 

Anf  1799.6132. 

3.  What  is  the  content  of  the  fpherical  fegment, 
whofe  height  is  4 inches,  and  the  radius  of  its  bafe  8 ? 

_ Anf.  43^.6352. 

4.  What  is  the  folidity  of  a fpherical  legment,  the 

diameter  of  its  bafe  being  17.23368,  and  its  height 
4.5?  Anf.  572.5566. 


PROBLEM  XVI. 

7c  fnd  the  foliduy  of  a frujium  or  zone  of  a fphere. 

RULE* 

To  the  fum  of  the  fquares  of  the  radii  of  the  two 
ends,  add  -3-  of  the  fquare  of  their  dihance,  or  the 


* Qcmon.  The  difference  between  two  fegments  of  a fphere 
whofe  heights  are  h and  b,  and  the  radii  of  whofe  bafes  are 

* ahfr  r,  will,  by  the  laft  problem  = — X (3R1  h 4 h3  — 

6 

yO-b—  b')  ~ zone  whofe  height  is  h — b.  And  theiefore  by 
puhing  a for  Cue  altitude  ot  the  frultum,  and  exterminating 

3R*4-Hi rl  + i>1 

h and  b by  means  of  the  two  equations  — “ 

and  n -h-a.  we  fhall  have  (a*  + rl  + — ) X — , which i* 
’ ' 32 

the  rule. 

breadth 


9 
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breadth  of  the  zone,  and  this  fum  multiplied  by  the 
fcud  breadth,  and  the  produtt  again  by  1.5708  will 
give  the  folidity. 


EXAMPLES. 

l.  What  is  the  folid  content  of  the  zone  abcd, 
whofe  greater  diameter  a b is  zo  inches,  the  lefier 
diameter  9 d 15  inches,  and  the  diftance  nm  of  the 
two  ends  10  inches  J 


10 

Hire  1 1 o’  + 7-5’  + — ) x 10  X 1.5708  = (100  + 

56.25  + 33.33)  X IOX  1.5708  = 189.58  X IOX  1.5708 
= 1895.8  X 1.5708  = 2977.92264  folid  inches,  the 
anfwer. 

2.  What  is  the  folid  content  of  a zone,  whofe 
greater  diameter  is  24  inches,  the  lefler  diameter  zo 
inches,  and  the  diftance  of  the  ends  4 inches  ? 

Anf  1 5 65.6 1 1 2 inches . 

3.  Required  the  folidity  of  the  middle  zone  of  a 
fphere,  whofe  top  and  bottom  diameters  are  each 
3 feet,  and  the  breadth  of  the  zone  4 feet. 

Anf.  61.7848  feet. 


__If  't  be  the  middle  zone  of  the  fphere,  the  folidity  will  be 
— (dx  + * i>i)  x .7854,6  } where  d — diameter  of  each  end, 
and  h~  itt. height. 

H 3 


PRO- 
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PROBLEM  XVII. 

'To  find  the  furfaee  of  ci  circular  fpindle , the  length  and 
Ireadth,  or  middle  diameter , being  given. 

RULE* 

1.  To  the  fquare  of  half  the  length  of  the  fpindle', 
or  longeft  diameter,  add  the  fquare  of  half  the  middle 
diameter,  and  this  fum  divided  by  the  middle  dia- 
meter will  give  the  radius  of  the  circle. 

2.  Take  half  the  middle  diameter  from  the  radius 
of  the  circle,  and  it  will  give  the  central  diftar.ee. 

3.  Find  the  length  of  the  revolving  arc  by  problem 
the  10th. 

4.  From  the  produft  of  the  longeft  diameter  and 
the  radius  of  the  revolving  arc,  fubtradl  the  product 
of  the  faid  arc  and  the  central  diftance,  and  this 
remainder  multiplied  by  6.2832  will  give  the  furfaee 
required. 

EXAM* 


* Demon.  Put  x~  arc  c »,  x “ its  fine  »w,  r rt  radius  c o 
e — central  diflance  or,  and  p — 3.14159,  &c. 

Then  vV1 — xz  (oik)  : r : : x : x,  and  .*?  y ' r1  — xL~rx, 
by  the  property  of  the  circle,  aa  is  Ihewn  in  the  demonftration 
to  problem  13.  But  zpZ  X na  ( </  rz  — xz — f)— ipX 

(ft:  j r'-  — xz  — cz)  is  the  general  expreflion  for  the  fluxion, 
and  therefore  zj>  x (fX — cjc)  zz  fluxion  of  half  the  fruftum 
c/ifD,  and  2f>  X [r x — c x)  — l p X {r  X a c — (X  c»)ztO 
its  furlate.  Q^E.  D. 


Corn'd. 
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EXAMPLES. 

i.  What  is  the  fuperficial  content  of  the  circular 
fpindle  Adbc,  whofe  length  ab  is  48,  and  the  mid- 
dle diameter  c d 36  ? 


Hen  (24*+  181)  -7-36=  (576  + 324)  — 36=^= 

25=200  the  radius  of  the  circle  acb. 

Therefore  25  — 18=27  zzoc—c  e ^central  dijlance  o e. 

.,2x18  , 41  X 18.  , 

And — - r-  (50 Jo~“  = 1 2-r*5° — i4-7t>  22: 

j2H-35-24=-34°52-  jp 


Coroll . 1.  When  ea~eK,  the  rule  becomes  zj>X  {r  X e a — 
c X c a)  for  the  furface  of  half  the  fpindle,  and  zj>X 
r x ab  — rx  acb  for  that  of  the  whole  fpindle.  ^ 

Coroll.  2.  If  from  the  furface  of  the  femi-fpindle  there  he  taken 
that  of  t'r  fruftum,  there  will  remain  z}>xr Xoa  — cxai.  for 
the  fegmcnt  »a*  fo  that  the  rule  is  general. 

C'rJl.  3.  When  t coincides  with  0,  c vn  nifties,  and  t!:e 
fpindle  becomes  a fph'.re  ; in  which  cafe  the  theorem  , a! fo  be- 
e.^mes  barely  2 frx,  the  fame  exprtflion  a»  was  before  found 

for  the  furface  of  the  fphere. 

h4 


Whence 


1*2 


MENSURATION 


Whence  ( I + 3 405  2 ) X 4 8 = 1 . 3 405  2 X 4 8 = 64 . 3 4496 
~ length  of  the  arc  sic  e. 


And  (48  X 25  — 64.34496  X 7)  X 6.2832=1(1200  — 
<50.41472)  X 6.2832 -749.58528x6.2832-4709. 
?94z  3 1 2 96  — fuperfcies  required. 


2.  What  is  the  fuperficial  content  of  a circular 
fpindle  whofe  length  is  48,  and  its  middle  diameter 
30  ? ^4387.1644. 


PROBLEM  XVIII. 

cTofind  the  folidity  of  a circular  Jptnale,  tl.e  length  and 
middle  diameter  being  given . 

RULE*  ' 

T.  Find  the  area  of  the  generating  circular  fegment 
by  problem  the  13th;  and  the  radius  and  central  dis- 
tance as  in  the  laft  problem. 

2.  From  i of  the  cube  of  half  the  length  of  the 
fpindle  fubtract  the  product  of  the  central  diftance 

• and 


* Demon.  Put  ae~ x,  oe~c,  r — radius,  and  — 3.14159, 
tec. 

Then  will  the  fluxion  of  the  fo  id  be  ~ p x X r.  a'-  — px  x 
(mo  — cp-—px  Xmo1  — c X J-mo  — c~px  x mo2  —cx^-on  4 . — 
fx  X (r*  — xL  — c1 — zt  x *"0j  whofefluentis  —/x  X (r2 — 

x 2 c . 

■ C2 — X once)  — p x lae1  — Xx  — zcXor.ee)  — 

3 x 

frufhim  generated  by  once.  And  when  x ~ a e,  we  have 
l-fX-ittXi/  for  the  half  fpindle  cad,  and  ±Aei  — e x acc 
X4p— whole  fpindle  a n b c.  Q^E.  D. 


r-rtll. 
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and  half  the  area  6T  the  generating  fegment,  and 
this  remainder  multiplied  by  12.5664  will  give  the 
folidity. 


EXAMPLES. 

1.  Thelongeft  diameter  a b of  the  circular  fpindle ' 
adbc  is  48,  and  the  middle  diameter  cd  36  ; wha%is 
the  folidity  of  the  lpindle  ? 1 


4.8  X *7 

Here- =24x7  (7  being  the  central  Jiftance  o t, 

as  in  the  laft  prob.)  ~ 168  ZZarea  of  the  triangle  a on. 

And  32.17248  (,  length  of  the  arc  acb  hy  laf  prob.') 
X 25  ( radius  oc  by  fame  prob.)  zr  804.31  2 ~ area 
the  fettor  bcao. 


Coroll.  1.  If  the  fruftum  be  taken  from  the  half  fpindle  there 
Will  remain  p x f At1  x ^ { X Ae3-fx'—  zc  X a na)  —px 

x 3Ac  — Afl  — zcXA.ua)  for  the  fegment  of  the  fpindl* 
twice  n a a. 

Coroll.  z.  When  e coincides  with  o,  c will  vanifh,  and  the 
theorem  will  become  | p X o cl  — \p  x d3,  which  is  the 
folidity  of  the  whole  fphere. 

Which  theorems  agree  with  thofc  before  giv-n. 


15+  MENSURATION 

Alfo  8o+.  312  — 168  = 636.312  — area  of  the  fegmcnt 

C B 6 '• 


x ?)  x 12.5664=  (Hil* * * 4-- 

3x8.156  X 7)  X iz.5664  = (4608  — 2227.092)  X 
1 ?.  5664  = 2380.908  X I 2.5664  = 299  19.442201  2 = 
folidity  inquired. 

2.  If  the  length  of  a circular  fpindle  be  40,  and 
its  middle  diameter  30 : what  is  its  folidity  ? 

Anf.  17310.458. 


PROBLEM  XIX. 

To  find  the  folidity  of  the  middle  frufum  of  a circular 
fpindle,  the  length  of  the  frufum,  the  middle  diameter , 
and  that  of  either  of  the  ends  being  gi  ven. 

RULE.* 

1.  Divide  the  fquare  of  half  the  length  of  the 
fruftum  by  half  the  difference  of  the  middle  diameter, 
and  that  of  either  of  the  two  ends ; and  half  this 
quotient  added  to  £ of  the  faid  difference  will  give 
the  radius  of  the  circle.. 

2.  Fifid  the  central  diftance,  and  the  revolving  area, 
as  in  the  Iaft  problem. 

- 3.  From  the  fquare  of  the  radius  take  the  fquare  of 

the  central  diftance,  and  the  fquare  root  of  the  re- 
mainder will  give  half  the  length  of  the  fpindle. 


* The  demonftration  is  contained  in  that  of  the  laft 

problem. 

The  folidity  of  the  fegment  cannot  be  found  independent  of 
the  length  of  the  fpindle.  The  rule  may  be  feen  in  the  Corol- 
lary to  the  laft  problem. 


5 


4.  Frcm 
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4.  From  the  fquare  of  half  the  length  of  thefpindle 
take  i of  the  fquare  of  half  the  length  of  the  fruflum, 
and  multiply  the  remainder  into  the  faid  half  length. 

r.  From  this  produft  take  that  of  the  generating 
area  and  central  diftance,  and  the  remainder  multi- 
plied by  6.2832  will  give  the  content  of  the  fruftum. 


examples. 

r.  What  is  the  folidity  of  the  fruftum  abcd, 
whofe  middle  diameter  nm  is  36,  the  diameter  da  or 
c b 16,  and  the  length  or  40  ? 


■m. 


26—16.  36  — 16 

Here  § X (20*  -+  -— ) + = \ X (4°° 

^.10)  + X 40  + 5=20+  5=25  —radius  of  the 
circle. 

Confequently  25  — £ hot  = 25  — 18  = 7=  central 
difance. 

And——  -!  =2.2  “ tab.'verfed line  ; and .1 1 18Z3  = 

5° 

tab.  fegment. 

Alfo.l  1 1823X  502  = . 111823  x 2500  = 279.5575  = 
area  of  the  fegment  d n c. 

And  279.5575+320=  599-5575  = generating  area 
toner. 


H 6 Again 


*56 


mensuration 


_^“/(25*-7*)==V(62S-49)s=  ✓576  = 24. 

— z length  of  the  fpitidle.  * * 

And  (2/-  -— ) x 20  — 599.5575  ^ 7)  X 6.2832  = 

(556  — 133.3)  X 20—4196.9025)  x 6.2832  = 
(«853-334  -4i96-9°2s)  x 6.2832  = 4656.412.-  x 
6-2832  — 292 57.2904  folidiiy  required. 

2.  The  middle  diameter  of  the  fruftum  of  a cir- 
cular  fpindle  is  32.  the  diameter  at  the  end  24,  and 
the  length  40 : what  is  the  folidity  ? 

Anf.  27287.541 1256  cubic  inches. 


PROBLEM  XX. 

To  find  the  /olid  of  a fpheroid. 


RULE* 

Multiply  the  fquare  of  the  revolving  axe  by  the 
fixed  axe,  and  this  produd  again  by  .5236,  and  it 
will  give  the  lolidity  required. 

Wnere  note  that  .5236  is  = £ of  3.14159. 

B X AM- 


* Demon.  Let  ac 
P — 3-I4I59.  &c. 


— a,  n B _ b,  Ar  — X,  rn  — J,  and 


Tlien  a*  :6*  ::  xX  (<*  — *)  : L x (ax—x*-)  = yt  by  the 
property  of  the  ellipfis. 


And  therefore  the  fluxion  of  the  folid  (=/>y*x)  = ~ X 
and  its  fluent  X ^ X (i«**-i*3)  = fegtnent 
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EXAMPLES. 

I.  In  the  prolate  fpheroid  abcd,  the  tranfverfe  of 
fixed  axe  ac  is  90,  and  the  conjugate  or  revolving 
axe  db  is  70  : what  is  the  folidity  ? 


D 


Here  D b1  X A c X .523 7 = 70*  X 90  X .5236  — 
4900  x 99  x .5236  —441000 x. 5236 =230907. 6 = 
folidity  required. 

2.  What  is  the  folidity  of  a prolate  fpheroid,  whole 
fixed  axe  is  100,  and  its  revolving  axe  60  ? 

Anf.  188496. 

3.  What  if  the  folidity  of  an  oblate  fpheroid,  whpfe 
fixed  axe  is  60,  and  its  revolving  axe  100  ? 

Anf.  314160. 


•Am-  Which,  when  x ~ a,  becomes^--  x la3)  — 

fab 1 “ i 

-j-  — content  of  the  whole  fpheroid.  Q/E.  D. 

If/ be  put  — fixed  axe,  r — revolving  axe,  q — (/i  u,  r*) 
-*-/*,  and  p — ’3.141;,  fee. 

Then  will  prf  v/  14 -\q  — furface  of  the  oblate  fpheroid, 
and  prf  / i—A  — that  of  the  prolate  fpheroid. 

PRO- 


*5« 


MENSURATION 


PROBLEM  XXI. 

To  find  the  content  of  the  middle  fruftum  of  a fpheroid, 
its  length,  the  middle  diameter,  and  that  of  either  of  the 
ends  being  given.  J 


'CASE  I. 

When  the  ends  are  circular,  or  parallel  in  the  revolv- 
ing axis. 


RULE.* 

To  twice  the  fquare  of  the  middle  diameter  add  the 
fquare  of  the  diameter  of  either  of  the  ends,  and  this 
fum  multiplied  by  the  length  of  the  fruftum,  and  the 
produdt  again  by  .2618,  will  give  the  folidity. 

Where  note  that  .2618  —-fe  of  3.14155. 

E X A M- 


* Demon.  Let  ao  — a,  d 0 — b,  zn  — b,  no  — t,  ro~x} 
re—y , and p — 3. 141 59,  &c. 

bZ  . LXrl 

Then  a bz  : : a1  — xz  : — x (a1 — **)  — bz  — — — — 
a*  ' ' 41 

y 4 the  property  of  the  ellipfis. 

And  alfo  a1  : bz  : : a2, — cz  : - — _ ^a—.TLJ  — b*  ■ or  *z  — 
bz  cx+.(bz—bz.) 

Whence,  by  iubftituting  this  value  of  a 1 in  the  former 

equation,  we  Until  have  yz  — bz  — b*ff—b_bj^  ~ bz  — 

bz  cx 
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EXAMPLES. 

t.  In  the  middle  fruftum  of  a fpheroid . h f g h,  the 
middle  diameter  d b is  50  inches,  and  that  of  eith 
of  the  ends  e f or  g h 40  inches,  and  its  length  nm 
18  inches : what  is  its  folidity  ? 


■ 1 ol 


WI 


Here( 5olX2+4°n  X 18  X .2618  = (2500  X 2 + 
1600)  x 18X.2618- (5000  + 1600)  X i8x.26i8  = 
6600X  18  X .26x8  = 118800  X .2618  =31101.84 
cubic  inches the  anjkuer. 

2.  What  is  the  folidity  of  the  middle  fruftum  of  a 
prolate  fpheroid,  the  middle  diameter  being  60,  that 
of  either  of  the  two  ends  36,  and  the  diftance  of  the 
ends  80?  Anf.  177940.224. 


And  confequently  the  fluxion  of  the  folid  ( fy *x)  — 

3cZ 

fcb1  — pcbz 


1 ■ 

hx  x x ^z—bz) ; the  fluent  of  which  is  — fb1  x — — X 


[P—b1)-,  which,  when  x=r,  becomes /^c- 

ic. X^:.±b;l  = +~4^. ' QJJ.D. 


12 


3 


3.  What 


'i6o  MENSURATION 

3.  What  is  the  lolidity  of  the  middle  frufium  of  an 
colate  fpheroid,  the  middle  diameter  being  100,  that 
01  either  01  the  ends.So,  and  the  .diftance  of  the  ends 
30? 

* 

Anf.  24.881 4.72, 

1 * 1 4 . ..  * 

CASE  IJ. 

\ 

When  the  ends  are  elliptical  or  perpendicular  to  the  re- 
volving axis. 


RU1  E.* 

1.  Multiply  twice  the  tranfcerfe  diameter  or  the1 
middle  fe&ion  by  its  conjugate  diameter,  and  to  this 
produdd  add  the  produft  of  the  tranfverfe  and  conju-» 
gate  diameters  of  either  of  the  ends. 

2.  Mul-. 


. - . - 

* Demon.  Put  s 0 — a,  to  — b,  am  ~ r,  on  — x,  An  — 
tic— is,  and p — 3.14159,  &c. 

bl 

Then  a 1 : bz  : : a"— *li — — X (a1— x*)  — yz  by  the  pro- 
perty of  the  ellipsis. 

And,  fince  a c d is  an  ellipsis  fimilar  to  x m r,  it  will  be  b i 

ry . 

tr  ’■  : y : — x:  * ; as  is  (hewn  by  the  writers  on  Conics. 
b 

But  the  fluxion  of  the  folid  aefd  1$  py  z x — py  x x 
ry  pry\x  prx  b~  X ( a*  — x*)  , . aZ—xz 

T — T~—  l X —prlxx — 


b b ~ b 
the  fluent  — prbx  X 
bt-  x 1 


as  its  value 


ryj 


bi-y* 


, becomes  — prx  x 


And 

Which,  by  fubftituting  for 
ibi  +_y? 


■ =px  X | rb 


3 b 


And 
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2.  Multiply  the  fum,  thus  found,  by  the  diftance  of 
the  ends,  or  the  height  of  the  frullum,  and  the  produft 
again  by  .261 8,  and  it  will  give  the  folidity  required. 

\ 

EXAMPLES.  >y 

I.  In  the  middle  fruflum  aicd  of  an  ob^te 
fpheroid,  the  diameters  of  the  middle  fedlion  e f are 
50  and  30 ; thofe  of  the  end  ad  40  and  24;  and  its 
height  tie  18  j what  is  the  folidity  ? 


s 


* t 

Here  (50X2X  30  + 40x24)  X 1 8 X .261 3 = (3000 
+ 960)  x 18  x. 2618=  3960 x 18  x. 2618=  7 1280  x 
,2618=218 66 1, 104“ folidity  required. 

2.  In  the  middle  fruftum  of  a prolate  fpheroid,  th« 
diameters  of  the  middle  fedlion  are  100  and  60 ; thofc 
of  the  end  80  and  48  ; and  the  length  36  : what  is 
the  folidity?  149288.832. 

> 


And  this  again,  by  putting  z for  its  equal 
P*  ' . _ 1)  X n e 


becomes 


7 * lrb+jz  =; fruftum  tr|i^  Or—--  x (urx  io 
+ ADX2 nc)  — middle  frlt/Wm- Jtico.  Q^E.  D. 

■ K ’ ' 3. 

■ / J 


i6z 


mensuration 

3-  In  the  middle  fruftum  of  an  oblate  fpheroid, 
the  diameters  of  the  middle  feftion  are  100  and  60  • 

. , °f ,th,e  end  60  and  36  ; and  the  length  80  : what 

is  the  folidity  of  the  fruftum  ? Anfi.  296567.04. 


PROBLEM  XXII. 

To  find  the  fiolidity  of  the  fiegment  ofi  a fpheroid. 

CASE  I. 

When  the  baft  is  parallel  to  the  revolving  axis. 


„ RULE* 

1.  Divide  the  fquare  of  the  revolving  axis  by  the 
fquare  ot  the  fixed  axe,  and  multiply  the  quotient  by 
the  difference  between  three  times  the  fixed  axe  and 
twice  the  height  of  the  fegment.  • 

2.  Multiply  the  product,  thus  found,  by  the  fquare 
of  the  height  of  the  fegment,  and  this  produ<R  again 
by  .5236,  and  it  will  give  the  folidity  required. 

EXAMPLES. 

1.  In  the  prolate  fpheroid  defd,  the  tranfverfe 
axis  2do  is  100,  the  conjugate  ac  60,  and  the  height 
Dn  of  the  fegment  ebf  10  : what  is  the  folidity  ? 


* This  rule  is  formed  from  the  theorem  for  the  fegment  in 
the  demon ftration  to  problem  the  aoth. 


Here 
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Here  (■ X 300—10)  X io*  X *5 2 36  = .36  X 

100 

280  X 101  X .5236  = 100.86  X 100  -{-.5236=  10080  X ' 
,'5236=5277.8886= felidity  required. 

2.  The  axes  of  £ prolate  fpheroid  are  50  and  30: 
what  is  the  folidity.of  that  fegment  whofe  height  is  5, 
and  its  bafe  perpendicular  to  the  fixed  axe  ? 

- JnflS  59746. 

3.  The  diameters  of  an  oblate  fpheroid  are’  100 

and  60;  what  is  the  folidity  of  that  fegment  whofe 
height  is  12,  and  its  bafe  perpendicular  to  the  conju- 
gate axe?  Anf  32672,6+. 

■ 4 » »,  ■ • ’ , 

CASE  II. 

When  the  bafe  it  perpendicular  to  the  revolving  axis.  ■ 


The  content  of  the  fegment  may  alfo  be  found  by  the  fol- 
lowing theorem ; 

(n*  +4  d1)  X A no  ~ content  of  the  fegment;  d being 
the  diameter  of  the  bafe,  d 2=  diameter  in  the  middle,  i = 
height,  and  n = .78 54  = area  of  a circle  whofe  diameter  is  1 , 


RULE. 


>64 


mensuration 


RULE.* 

fixed  axe  by  the  revolving  axe,  and 
multiply  the  quotient  by  the  difference  between  three 
times  the  revolving  axe  and  twice  the  height  of  the 
fegment.  b 

2.  Multiply  the  produ<2,  thus  found,  by  the  fqoare 
of  the  height  of  the  fegment,  and  this  produft  again 
by  .5236,  and  it  will  give  the  folidity  required. 


IX  AMPLER, 

1.  In  the  oblate  fpheroid  attr,  the  tranfverfe 
axe  e f is  100,  the  conjugate  ab  60,  and  the  height 
an,  of  the  fegment  a ad,  12  : wl\at  is  the  folidity  ? 

.j  ;ii 


* Demon.  Put  ao  r=  a , z 0 rs  i,  om  — r,  an  — x,  a nn  y, 

"*  S;  *,  and  pzz  3.14159,  &c.  Then  will  e'~  : bz  : t a*  — 

/ „ '\4  „ / bz  x (aax—  x1)  . . 

or  (.a*  — *-)  » — ■ : — yz  by  the  property 

<X  ~ 

of  the  ellipfe. 

And,  fince  ac  d is  an  ellipfe  fimilar  to  t mr,  it  will  be 

, ry 

t>  < r : : y : — __  x ; as  is  ihevyn  by  the  writers  on  Conics. 

But  the  fluxion  of  the  folid  a a c rt  — pyxje  — pyxX 

ry  pryt-x  prx  b1X  (2 ax  — xz) 

*7-— — - — — — - X 5 whofe  fluent  is  ~ 

ebb  a1 


prb  prb 

— *z x5 ; which,  when  iz  b~  the  height  of  the  fee-. 

a 3a2  co 

prb 

ment,  becomes  (3<7&l— £3)  x- — . Whence,  flnee  r— a,  \re 

3«! 

fliaii  have  (3<j,&’— £1)  x — =;  folidity  of  the  fegment. 


3? 


ry 


Q^E.  Di 

Bert 
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Here  156  (~dif  of  3 ah  and  Zan)  X l|  or 


ICO 


— — X 1 44  fquare  of  a n)  X .523 

ab 


15b  x-,% 


x 144 


x.5236  = 52  x 5 x 1 44 x. 5 236=3 260 x 144x5236  == 
37440  X .32301=19603.584  —folidity  required . 

2.  Required  the  content  of  the  iegment  of  a pro- 
late fpheroid  ; its  height  being  6,  and  the  axes  40 
and  24.  Anf.  2450.44226. 


PROBLEM  XXIII.  v 

fnd  the  folidity  of  an  elliptic  Jpindle. 

RULE* * 

K From  three  times  the  fquare  of  the  middle  dia- 
meter take  4 times  the  fquare  of  the  diameter  be- 
tween the  middle  and  the  end  ; and  from  4 times 

this 


* Demsn.  Let  r v ~ a,  ov~b,  = the  tranfverfe  diameter 

— f,  d o~d,  vg  — x,  and  vc  or  a n ~y. 

Then,  by  the  property  of  the  ellipfc,  c : d j i y c1  — xl  : 

— v'r  — hence  01/  or  an  — c 0 — ov~  a ^ c x~ 

* f 

— i~y>  and  the  fluxion  of  the  folid  — fy*x  —pxx 


1 66  MENSURATION 

this  laft  diameter  take  3 times  the  £*id  middle  dia- 
meter ; and  f of  the  quotient  ariling  from  dividing 
the  former  difference  by  the  latter  will  give  the  central 
dijiance. 

z.  Find  the  axes  of  the  ellipfis  by  problem  the  zd, 
in  conic  fettions,  and  the  area  of  the  generating  feg- 
ment  by  problem  the  5th. 

3.  Divide  3 times  the  area,  thus  found,  by  the 
length  of  the  fpindle,  and  from  the  quotient ‘fubtraft 
the  midd'e  diameter ; then  multiply  the  remainder  by 
4 times  the  central  diftance,  and  fubtradt  the  produdt 
from  the  fquare  of  the  middle  diameter ; and  this 
difference  multiplied  by  } of  the  length  of  the  fpindle, 
and  the  produdt  again  by  1.57079  will  give  the  foli- 
dity.  , ' 

-t  . : ...  ■ . ..  * 


EXAMPLES. 

i.  What  is  the  folidity  of  the  elliptic  fpindle  f r 
g d,  whofe  length  f g is  80,  the  middle  diameter 
Dr  24,  and  the  diameter  our  at  \ of  the  length 
18.99094? 


- vl 


d'X 


ibds/c'L  — x 1 , . . , . . fax'1 

4-*1)  zzpxx  — 

c ' cz 


zbd  ,/  c- — .v 


v a1—  xx 

d)—b—fdlxx - 2 f>byx-,  and  its  flu- 


ent  — pji x x If — — z bp  X area  v a n d — fruftum 

r 3C* 

snmr.  And  when  x — a the  above  theorem  Will  become 

^pd1  x a3  — * b p X area  t d v “ d t r the  half  of  the 
•icx 

fpindle. 
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xGj 


Here  ( 3 X 241—  i 8. 99094*  X 4-7- 1 8.99094x4—3  X 4) 
x|=  (1728—  1442.62320833 -T- 7 5. 96376  — 72)  x£ 
= (285.37679167  ~ 3.96376)  x i =71-996  xg  = 

17.999  = 18  nearly,  for  the  central  difiance  onj. 

And  1 8 -f  \4  — 1 8 -f  I 2 — 30-*-  conjugate  D o.  And 
\r°  X 3°-r-  'v/301— i81=2  40  X 30-f-  ^900  — 324  = 

1200-r  v^5  76  ~ — - — — 50  — “ tranfuerfe. 

12  12 

Alfo — — — \ — ,z  — tab.  verfed  fine  ; the 

J -2X30  60  5 j j ' 

circular  fegment  to  which  is  .111823  .111823  X 1 00 

(ab)  X 60  (df)  = 11.1823  X 60  — 670.938  zzgene- 
rating  fegment  f dg. 

Whence 


fpindle.  And  if  from  the  femi-fpindle  there  be  taken  the 

3a — e 


fruftum,  there  will  remain  fd1 t 


3fl 


2 P b x area 


r na  ~ fegment  nr  m,  e being  the  height  r a of  the  fegment. 
But  to  convert  thefe  rules  into  thofe  given  in  the  text,  let 
Dr~  n,  nm  — d,  nvs  ~m,  v a — b,  o»  “ c,  the  fegment 
» o oczs,  and  n— .7854. 

Then,  by  the  property  of  the  ellipfe,  (c-fiD)1  — (c  + 7-d) 
: 4 : : (c  + I1D)1-(c  + Jm)M  1 ; hence4  x 3"x 

(c+^D)z=  (c+{</)S  or  c — £ X 4--. 

— 3l>*~“+4 m 

And 


t68 


ME 
Whence  24s'—  [ ( 


NS  U RATION 

670  028  x 3 

— -24)  x 72  or  40<i/J 


24l— (25.16017,—  24x72)  — 24l—  1 . 160 1 75  x 72  = 
24* *^83  5326=  576  — 83.5326  = 492.4674.  And 
492.4674  x »T°X  1.57079=  13132.464  X 1.57079  = 
20628.343  1 2(0  folidity  required. 

2.  The,  length  of  an  elliptic  fpindle  is  40,  the  middle 
diameter  12,  and  the  diameter  at  £ of  the  length 
9.49546;  what  is  the  folidity  ? ■ Anf  2578.56. 


PROBLEM  XXIV. 

To  find  the  folidity  of  the  middle  frufium  of  an  elliptic 
fpindle-,  the  length,  the  diameters  of  the  middle  and  end, 
and  another  parallel  thereto  at  \ of  the  length  of  the 
frufium,  being  given. 

RULE.* 

I.  From  the  fum  of  3 times  the  fquare  of  the 
middle  diameter  and  the  fquare  of  that  of  the  end 


And  the  laft  two  theorems  become  I r.h  X (£0*+^*  — 2)  X 
gpz  4 -<r-  — (_D4_j+H)  for  the  fruftum  d n m r \ 
— 3»—  </+4*»  h 

, . . . z v - D 4m  0 4.  — ) for  the 

femi- fpindle  d t r,  where  /‘hzvr  and  s=are#of  r ta  ^ ^ 


* The  demonftration  of  this  rule  is  contained  in  that  of  the 

The  folidity  of  a fegment  of  an  elliptic  fpindle  cannot  be 
feund  independently  of  the  axes  of  the  fpheroid. 


take 
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take  4 times  the  fquare  of  the  diameter  between  the 
middle  and  the  end ; and  from  4 times  the  laft  dia- 
meter take  the  fum  of  the  leaft  diameter  and  3 times 
tha  t of  the  middle,  and  5 of  the  quotient  arifing  from 
dividing  the  former  difference  by  the  latter  will  give 
the  central  difiance. 

2.  Find  the  axes  of  the  ellipfe  by  problem  the  2d, 
and  the  area  of  the  elliptical  fegment  whofe  chord  is 
die  length  of  the  fruftum  by  problem  the  jth. 

3.  Divide  three  times  the  area  thus  found  by  the 
length  of  the  fruftum,  and  from  the  quotient  fubtradt 
the  difference  between  the  middle  diameter  and  that 
of  the  end,  and  multiply  the  remainder  by  8 times  the 
central  diftance. 

4.  Then  from  the  fum  of  the  fquare  of  the  Jeaft  dia- 
meter, and  twice  the  fquare  of  that  in  the  middle, 
take  the  produdt  laft  found,  and  this  difference  mul- 
tiplied by  the  length,  and  the  produdt  again  by 
.261795,  &c*  give  the  folidity  required. 

EXAMPLES. 

1.  "What  is  the  folidity  of  the  fruftum  a f d g, 

* h°fe  length  ae  is  28,  the  middle  diameter  be  24,  % 
the  diameter  a f of  the  end  21.6,  and  that  rs  at  1 of 
the  length  23.409  ? 


0 


I 


Here 


i 7o  MENSURATION" 

2^X3  + (2X-6)1-4X(23-4Q9)1-2I94-5  6 — 
m 4x23.409—  (21.6  + 3x24)  93.63636 

2191.925 124  _ 2194.56—2191.925124  _ 2.634876 
—93.6  “ .03036  — .03636 

— 72.46. 

And  l 2 ' — 18. II  — 18  nearlyzz  central  dijlance  on. 

4 . 

3°  ( — bo)  X I4(  — an) 42° 

K/T,o'l(—boz)  — z-6.V(=om'1) ~ -v/900 — 829. ,44 
. -2°  - — — co  = v tranfuerfe  diameter. 

^70.56  8.4 

And -J  =:.0 z-tab.'vtrfedjine-,  and. 003748 

60  (=£/>) 

= circular  Jegment  belonging  to  .02  ; .003748  X 1 00 

{~i.it)  X 60  (=£/»)  = 22.488  = Jegment , of 

which  ^ b g is  the  arc. 

24l  X 2 + (2  1 .6)a—  (- -- z.^—diff. 

ofbcandAT)*  8 X 18=1 152  + 466.56-(2. 4094-2.4 
X 144)  = 1618.56—  .0094X  144=1618.56— 1.3536 
= 1617.2064. 

^«4i6 1 7.2064x28  (=<?,?)  x. 261799=4528 1.779- 
X .26 1 799=  1 1 854.7245  1 27808  —folidity  required. 

2.  In  the  middle  fruftumof  an  elliptic  fpindle,  the 
middle  diameter  is  32,  the  diameter  at  the  end  24, 
and  the  diameter  at  £of  the  length  30.15756,  and  the 
length  40:  required  the  folidity.  Anf.  27^19.8219. 

PROBLEM  XXV. 

q’s  find  the  folidity  of  a parabolic  conoid. 

RULE. 


I 
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RULE* 

Multiply  the  area  of  the  bafe  by  half  the  altitude, 
and  the  produft  will  be  the  content. 


examples. 

i.  What  is  the  tplidity  of  the  paraboloid  a d b, 
whofe  height  D«is  84,  and  the  diameter  ba  of  its 
circular  bafe  48  ? 


D 


‘ 7 


* Demon.  Let  d n~x,  and 

/>r:  3.14159,  Sec. 

^ Then  by  the  nature  of  the  parabola  a : b*  x : yi , or 

whmfore  — ( =&'*)  = the  fluxion  of 
a s 

t!ie  folul,  and  t—.  — ;ts  fluent;  w],ich>  vvhen  y bg_ 

comes  zz  a is  \pab*  for  the  whole  folid,  or  for  any  fegment 
whofe  height  is  — a,  and  the  radius  of  its  bafe  — b.  Q ]•  n 

cylinder!  T''e  Parab°liC  C°n°id  “ ' = ' lts  circu^ribing 

Note.  The  rule  given  above  will  hold  for  any  fen-manf 

bafebt  -*52 

. 1 2 


2.  What 


172 


MENSURATION 


Here  8*X  .7854.x  42  {—  \ Dm)  =2304  X .7854  X 42 
r=  1 809. 5616x42  = 7600 1.5872  —folidity  required. 

2.  What  is  the  folidity  of  a paraboloid,  whofe 
height  is  60,  and  the  diameter  of  its  circular  bafe 
,00?  Avf;  z356zo' 

■3  Required  the  folidity  of  a parabolic  conoid, 
whofe  height  is  30,  and  the  diameter  of  its  bafe  40? 

Anf.  18849.0. 

a.  Required  the  folidity  of  a parabolic  conoid, 

whofe  height  is  50,  and  the  diameter  of  its  bafe  100. 

Anf.  I2035O. 

PROBLEM  XXVI. 

To  find  the  folidity  of  the  fruftum  of  a paraboloid, 
when  its  ends  are  perpendicular  to  the  axe  ofthefohd.  , 

RULE.* 

Multiply  the  fum  of  the  fquares  of  the  diameters  of 

the  two  ends  by  the  height  of  the  fruftutn,  and  the, 
prod uft  again  by  .39z7>  and  « wiU  Sive  the  folldlty* 


* Demon.  The  fegment  whofe  bafe  is  «,  and  altitude  a, 
_ , . _ anH  that  whofe  bafe  is  b and  altitude  a is  _ * a b, 
rjy"the  laft  problem  : wherefore  the  fruftum  or  the  difference 
rf  the  fegment  is  t a b-*  - *•  But  n-b  : a—  (<0  • . 
B , A i and  ,-b:J:>.  b : a = — , by  the  nature 

of  the  paraboloid;  and  thefe  values  of  a andj^ being  fub- 
ftituted  for  them  will  make  |ab  \ab  2 B — ^ 2 

(B  + b)  which  is  the  fame  as  the  rule.  Q^B.  D. 


(SAM' 


or  SOLIDS. 


EXAMPLES. 


x.  Required  the  folidity  of  the  parabolic  frufttim 
a wed,  the  diameter  ab  of  the  greater  end  being  $8, 
that  of  the  Idler  end  dc  30,  and  the  height  no  '18. 


- Zfc/v(58»+3o»)  xi8x.3927  = (3364  + 9oo)  x 18 

X .3927  =4264  x 18  X .3927-76752  x .3927  = 
3OJ40.5  104— folidity  required. 

. *•  What  is  the  folidity  of  the  frurtum  of  a narabo- 
lic  conoid,  the  diameter  of  the  greater  end  beino-  rtn 


y^/4i733-°i4+* 


PROBLEM  XXVII. 

To  find  the  folidity  of  a parabolic  fpindle. 

RULE.* 


Then 


MENSURATION 


J/  + 


EXAMPLES. 

l.  The  length  of  the  parabolic  fpindle  acbd  is 
60,  and  the  middle  diameter  dc  34:  what  is  the 
folidity  ? 

D 


Here  34*  X 60  X . 41 8879=  1 1 56  X 60  X-4i8879=:  ^ 
69360 X . 41,8879=29053. 44744rr/o//rf'/'(y  required. 

2.  The  length  of  a parabolic  fpindle  is  9 feet,  and 
the  middle  diameter  3 feet;  what  is  the  iolidity  ? 

Anf.  33-929»99. 


Then  it  will  be,  by  the  property  of  the  parabola,  i* : a : : 

a bx-rx*  (a»X«b):  a X -~jr~  — rn  — d > whicb>  b? 

b 1 a bx—xx 

putting  />  — —(=  parameter  of  D o,)  become* } 

a “ 

, . rJr  • — s , . 

and  hence  the  fluxion  of  the  folid  — cy  x — — X *)  » 

, P" 

&bl—bx  + tt*1  . 

the  fluent  of  which  is  X p — general  ex- 

preffion  for  the  foment  r * j ; and  therefore  when  * = *,  we 

(hall  have  =—  caH  ~ feml  fpindle  d a c,  and  az  b X 
1 bp*  1 5 

418879  — whole  fpindle  » d a c.  Q^E.  D. 

JPRO- 
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PROBLEM  XXVIII. 

To  find  the  folidity  of  the  middle  frufium  of  a parabolic 
fpiadle. 


RULE* 

Add  8 times  the  fquare  of  the  middle  diameter, 
3 times  the  fquare  of  the  lefs,  and  4 times  the  produdt 
of  thofe  diameters  into  one  fum;  then  this  fum  being 
multiplied  by  the  length,  and  the  product  again  by 
.05236  will  give  folidity. 


EXAMPLES. 


I.  In  the  middle  fruftum  efoh,  of  the  parabolic 
fpindle  a c b d,  the  middle  diameter  d c is  36,  the 


• Demon.  Let  zzu — * — and  the  other  letters  as  in 

*he  lalt  problem. 

8 ctS 

Th;n  if  from  the  value  of  the  femi-fpindle there  be 

iSp1 

b X 4-2jc^ 

taken  i*l  X 3 — the  value  of  the  fegment  iaf, 

Pl 

there  will  remain  — X 6+  — $bLx i1  + •£*+  zz  X — 

zz  the  value  of  the  fruftum  n z r c ; and  if 

Q y 

inftaad-of  x there  be  fubftituted  its  value  b S — the  value 

a 

of  the  faid  fruftum  will  be  denoted  by  cXnox  — - — ^K°  * 

1 60 

tt  + ]trl 

go >aTld  confequently  nw  X .05236  X 8Dc1  + 4no  x 

1 r + 31  r»— whole  fruftum.  Q^E.  D. 

J 4 


diameter 


MENSURATION 
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diameter  of  the  end  e f is  20,  and  the  length  nm  36: 
what  is  the  foliJity  ? 

1 ' ' A 

D 


Here ( 36*  X 8 + 20*  X 3 + 4 X 36  X 20)  X 36  X .05.236' 
~ (10368+  12004-2880)  x 36  X .05236—14448  X 
56  X .05236  = 520128  X .0.5236=27233.90228  = 
folidity  required. 

z.  Rea  aired  the  folidity  of  the  middle  fruftum  of 
a parabolic  fpindle,  the  middle  diameter  being  32,.  the 
diameter  at  the  end  24,  and  the  length  40  ? 

Jnfi  17Z  10.448, 


PROBLEM  XXIX. 

To  find  the  folidity  of  an  hyperboloid. 


RULE* 


To  the  fquare  of  the  radius  of  the  bafe  add  the 
fquare  of  the  middle  diameter  between  the  bafe  and 


* Demon.  Let  t~  tranfverfe,  and  c — conjugate  diameter 
of  the  generating  hyperbola,  />  = 3.14159’ v>  lhe  °r ' 
nates,  or  femi-diameters  of  the  ends  ot  any  fruftum  of  the 
hyperboloid,  x = its  altitude,  and  a_  diftance  of  the  les 
ordinate y from  the  vertex  of  the  whole  fohd. 
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the  vertex;  and  this  fum  multiplied  by  the  altitude, 
and  the  product  again  by  .5236  will  give  the  folidity. 


Then  fince  y*  — - ' ) xch  we  fhall  Have  ths 

A(  -f  Al  + 1A*  + 


fluxion  of  the  folid  — pYzx  — pczx  X ■ 


tx+xz 


, and  its  fluent  — pczx  x 


A<+A2  + A*-)-J(*  + 


tz 

At  -}-  A 7 


and  — for 


y z 

and  this,  by  fubftituting  — for  , 

c*  r t- 

Af  + a2-}-2aa:+  tx-\-xz  , , „ , „ 

r becomes  (y1-^1 -)  x\px  — 

tz  j/2  ** 

folidity  of  the  fruftum.  - 

But  to  convert  this  into  the  rules  given  in  the  text,  let 
d,  J,  d,  be  the  greateft,  middle,  and  leaft  diameters,  x — 
abfcifla  whofe  ordinate  is  f,  and  a — altitude.  Then  we  thaU 
have  jhefis  three  equations  : 

tz$z  — cx  x f + x x * 


«.  ~ cz  X t + x — % a X x — A a 

txDx  — cz  X t + X + ±a  X X + \a 

From  the  fum  of  the  two  latter  of  which  fubtrail  the  double 
of  the  former,  and  there  will  refult  t%  x d1 2J2  -f  az  — 

> , 2 . , 2n2— 4^  + 2 d 

i and  hence  — = Which  being  fob- 
diluted for  it  in  the  theorem  above  will  give  ^ ^ 

ap  for  the  content  of  the  fruftum  ; which  is  the  fame  as  the 
following  rule  given  in  the  text. 

And  if  d the  leaft  diameter  be  fuppofed  to  become  infinitely 
little,  or  nothing,  the  rule  will  become  pl  + x ap  ~ 

“*  + 4**  X a X.S»36.  <JJE.  D. 

*5  exam- 


I?* 


MENSURATION 


EXAMPLES. 

2.  In  the  hyperboloid  a c b,  the  altitude  c r is  10, 
the  radius  a r of  the  bafe  12,  and  the  middle  diameter 

vm  15.8745  : what  is  the  folidity  ? 

1 * 

C 


Hem  5. 87451+iz1X  10  x. 5236  = 25  1.99975  + >44 
X 10  x .5236=395.99975  * 1 ° x . 5 2 36= 3959.997 5 

X .5  236  2=207  5.45  5869 1 —folidity  required. 

2.  In  an  hyperboloid  the  altitude  is  50,  the  radius 
efthe  bafe  52,  and  the  middle  diameter  68;  what  is 
the  folidity?  191847. 


PROBLEM  XXX. 

1 

To  find  the  folidity  of  the  frufium  of  an  hyperholic 
(Onoid. 


RULE* 

Add  together  the  fquares  of  the  greateft  and  leaft 
femi-diameters,  and  the  fquare  of  the  whole  diameter 


* The  demonftration  of  this  rule  is  contained  in  that  of  the 
la  ft  problem. 
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in  the  middle,  then  this  fum  being  multiplied  by  the 
altitude,  and  the  product  again  by  -S23S9  giye 
the  folidity. 

EXAMPLES. 

1.  In  the  hyperbolic  fruftum  adcb,  the  length  rs 
is  20,  the  diameter  a b of  the  greater  end  32,  that 
d c of  the  lefi'er  end  24.,  and  the  middle  diameter  nm 
28.1708:  required  the  folidity. 


The  rule  for  the  hyperbolic  fpindle  is  the  fame  as  that  for 
the  elliptic  fpindle,  page  175. 

Or,  if  d — middle  diameter,  m — that  at  \ of  the  length, 
s — generating  area  of  the  hyperbola,  l — length  of  the 
fpindle,  and  3. 141 59,  &c. 

Then  -will  (D-f  — — x — — ) xi  />  l — folidity 

4»»  — 3 d l 

of  the  fpindle.  And  if  the  generating  hyperbola  be  equilateral, 
L ^ *4- 

then  will  (3S  X l4)X  \-P  l“  folidity  of  the  fpindle. 

l d 6 


And,  if  / — length  of  the  fruftum,  1 rr  generating  area, 
and  the  other  letters  as  before  5 then  will  (2  d*  + d1  -J- 

4 ml  — 7 b4 — d* . v j , , 

■ V — X Yd—  D)  X — #/n  folidity  of  the  mid- 

4m  — id  — d l 

die  fruftum  of  an  hyperbolic  fpindle. 

But  if  the  generating  hyperbola  be  equilateral,  the  fruftum 

wiUb«-'ft^_/*  + llx  — ) X-J?1'  ' 


D — d 

I 6 


Hera 


iSo  MENSURATION 

Here  ( l62+  1 2*-f  28. 17081)  X 20  X .52359=  (256 

+ H4  + 793-5939)  x 20 X S239=  ^93-5939  x 20 x 
.5239  — 23871.878  x .5239  = 12499.07660202  zz 
Joliditj  required. 

2.  What  is  the  folidity  of  the  fruftum  of  any  hy- 

perbolic conoid,  whole  greater  diameter  is  96,  lefl’er 
diameter  54,  the  middle  diameter  76.4264392,  and 
the  altitude  12.5  ? AnJ.  116160.66. 

3.  Required  the  folidity  of  the  fruftum  of  an  hy- 

perbolic conoid,  the  height  being  12,  the  greateft 
diameter  10,  the  lead  diameter  6,  and  the  middle 
diameter  8f  ? AnJ.  667.59. 

4.  What  is  the  content  of  the  middle  fruftum  of  an 
hyperbolic  fpindle,  the  length  being  20,  the  middle 
or  greateft  diameter  16,  the  diameter  at  each  end  12, 
and  the  diameter  at  f of  the  length 

AnJ.  3248.938. 

5.  Required  the  content  of  the  fegmeqt  of  any 

fpindle,  its  length  being  10,  the  greateft  diameter  8, 
and  the  middle  diameter  6?  AnJ.  272,272. 


Note.  The  content  of  any  fpindle  formed  by  the  revolution 
of  a conic  fettion  about  its  axis  may  be  found  by  the  following 
rule  : 

Add  together  the  fquares  of  the  greateft  and  leaft  diameters* 
and  the  fquare  of  double  the  diameter  in  the  middle  between 
the  two,  and  this  fum  multiplied  by  the  length  and  theprodu£t 
again  by  .1309  will  give  the  folidity. 

And  the  rule  will  never  deviate  much  from  the  truth  when 
the  figure  revolves  about  any  other  line  which  is  not  the  axis. 
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REGULAR  BODIES. 


A Regular  body  is  a folid  contained  under  a cer- 
tain  number  of  fimilar  and  equal  plane  figures. 

The  whole  number  of  regular  bodies  which  can 
poffibly  be  formed  is  five. 

1.  The  Tetraedron,  or  regular  pyramid,  which  has 
four  triangular  faces. 

2.  The  Hexaedron,  or  cube,  which  has  fix  fquare 
faces. 


3.  The  Oftaedron,  which  has  eight  triangular  faces. 

4.  The  Dodecaedron,  which  has  twelve  pentagonal 
faces. 


5.  The  lcofaedron,  which  has  twenty  triangular 
faces. 

If  the  following  figures  are  made  of  pafteboard,  and 
the  lines  be  cut  half  through,  fo  that  the  parts  may 
be  turned  up  and  glued  together,  they  will  reprefent 
the  five  regular  bodies  here  mentioned. 
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PRO- 


REGULAR  BODIES, 


>8* 


rv  PROBLEM  I. 

fT ■>  find  the  folidity  of  a tetraedron. 

RULE* 

Multiply  ~ of  the  cube  of  the  linear  fide  by  the 
fquare  root  of  2,  and  the  produtt  will  be  the  folidity. 

EXAM* 


* Demon.  From  one  angle  c of  the  tetraedron  abcj, 
let  fall  the  perpendicular  c e,  upon  the  oppofite  fide,  and 

draw  a e.  . . . 

Then  A cx  — At* 1  — Cf»;  and  fince  the  point  e is  equally 

dirtant  from  the  three  angles  a,  b and  »,  ^ a c’  Zz 
(i  ab1")  ac1,  as  is  (hewn  in  the  demonftration  of  the  rule 
for  regular  polygons  page  53.  Confequently  a c + | a c‘  = 

1 A C*  — CCl,  or  C C - A c ✓ f But  the  area  of  ,he  tn" 
angle  a „ b = i a b * ✓ 3 - 5 * cl  / 3 5 and  therefore  | 

AC  v -Hc«)  X JaC1  </3  (aa*b)  — r»AC  '/a‘ 

Q.E.D. 

If 
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EXAMPLES. 

I.  The  linear  fide  of  the  tetraedron  a b ch  is  4.: 
what  is  the  folidity  ? 


C 


2 — X 1 .414  = — - = 7.541 3 = folidity  re- 
quired. 

2.  Required  the  folidity  of  a tetraedron  whofe  fide 
is  6?  Anf.  25.452. 

PROBLEM  II. 

¥0  fnd  the  folidity  of  an  oflaedron. 

RULE.* * 

Multiply  } of  the  cube  of  the  linear  fide  by  the 
fquare  root  of  2,  and  the  produft  will  be  the  folidity. 

e x A m- 


If  l be  put  — length  of  the  linear  edge,  then  will  l2  3 — 
whole  Jurface  of  the  tetraedron. 

The  rule  for  the  hexaedron,  or  cube,  has  been  given 
before. 

• Demon.  From  the  angle  n of  the  odtaedron  dtca  let 
fall  the  perpendicular  d e. 


Then 
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examples. 


i.  What  is  the  folidity  of  the  ottaedron  egad, 
whofe  linear  fide  is  4 ? 

D 


21.333,  Sec.  X I.452,  Sec.  ~ 30. 16486  zr folidity  re- 
quired. 


2.  Required  the  folidity  of  an  oftaedron  whofe  fide 
is  8 ? Anf.  243.3568. 

PROBLEM  III. 

To  find  the  folidity  of  a dodecaedron. 


Then  fince  the  folid  is  compofcd  of  two  equal  fquare 
pyramids,  each  of  whofe  bafes  f«a  c are  equal  to  the  fquare 
of  the  linear  fide  ag  or  ad,  we  fhall  have  f»ac  x f 
d e~Att%  X | d e — content  of  the  folid. 

But  vc  evidently  bifefts  the  diagonal  r a,  and  is  equal  to 
re  ; therefore  a n 1 X f n e ~ An1  X j r f “ a n1  X 
FA  — ^ a n1  X -d  A a1  + a cl  r{Ansv/iA'l‘  = i*») 
a-  Q^E-D. 

If  L rz  linear  fide  as  before,  then  will  il1  J 3 = lurface  of 
the  oflaedron. 


RULE 


REGULAR  BODIES. 


RULE.* 


• To  21  times  the  fquare  root  of  5 add  47,  and 
divide  the  l'um  by  40 : then  the  fquare  root  of  the 
quotient  being  multiplied  by  5 times  the  cube  of  the 
linear  fide  will  give  the  folidity  required. 


E X A M- 


* Dcmm.  Let  a be  a folid  angle 
of  the  dodecaedron,  apd  a e a per- 
pendicular falling  on  the  equilateral 
plane  bdf.'  Alfo  join  the  points 
p,  c and  c,  r. 


Then  thij  angle  car  contains  ?o8 


degrees,  whofe  fine  is  J 104- z S.  \ / 

and  the  angle  a r o contains  36  — — / 

degrees,  whofe  fine  is  $ >/ 10  — a 5,  the  radius  in  both 

cafes  being  taken  equal  to  1. 

Therefore,  by  Trigonometry,  10  — 2^/ + 5 

iisoiorraDv'  <x  d— — ^ ^ — Y'+k'/  5 X a 0. 

5 J 5 2 

Again,  fince  c is  the  centre  of  dbf,  the  angles  ter  and  c r d 
are  each  30°,  and  the  angle  p cm  izo°;  but  the  fine  of  300  is 
jj  and  the  fine  of  izo°  is  -t  v 3 > whence,  by  trigonometry, 
, df  1 + %/  5 

i «/  3 :cf  : : 4 : d c — — — a d : and  confequently 

n/3  W3 

AC  — a o2— . DC1—  a d v'  — - — a p J J — -g  5. 

6 > 

But  a perpendicular  from  a upon  the  plane  bdf  mud  pafs 
through  the  center  of  the  circumfcribing  fphere,  and  ac  will 
be  the  verfed  fine  of  an,  arc  whose  chord  is  a o,  and  radius 
equal  to  that  of  the  faid  fphere. 

an1  a oz 

Whence  a c ; a o : : a p : — — 


a 2 i -y  2 ~ art 

✓ 3 
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EXAMPLES. 


i . The  linear  fide  of  the  dodecaedron  abode  is 
3:  what  is  the  folidity? 


•j  3 4-  %/ 1 s 

- ■■  — Jjdiametcr  of  the  circumfcribing  fphere,  and  a a 

7.  v 


v'  3 + v'  1 s 


r » z radius  of  the  circumfcribing  fphere. 


Again,  the  angle  ton  contains  720,  whofe  fine  is  J 
10  + 2^  55  and  the  angle  of  n is  540,  whofe  fine  is 


* + S 5 


j whence,  by  trigonometry,  £v'io-}-2V'5 


. 1 + </  5 


r n (a  d)  : 0 r~a  D • 


1 + •/  S _ _ + 

- — ? ~a  £>  1/  -- ~a  » 

v'to+av’j  10 

But  fince  the  radius  of  the  circumfcribing  fphere  li  th« 
bypothenufe  of  a right  angled  triangle,  whofe  legs  are  0 r 
and  the  radius  of  the  infcribed  fphere,  we  (hall  have 

v/r— «k»z  ./  (5^3+^  i+TWS401^*® 

^ aA~?I.T . V! s — v/4-t- * ’ v' 5r— radius  of  the  infcribed  fphere, 
40  4 # 

And  becaufe  the  folid  is  compofed  of  12  equal  pentagonal 
pyramids,  each  of  whofe  bafes  are,  by  problem  the  Sth,  — 

I ^1  + Si  therefore  ,/  1 + j V 5X|rz 

4 


•/  1 + 


ad  st5  + iivM  _ ,47  + 2t  v' 5 
— v'  — zr  5^0  •/ — — * 


40  ' 4° 

- — folidity  of  the  dodecaedron.  Q^E.  D. 

40 

If  l be  put  for  the  linear  fjde,  then  will  15L1  v' 

•—  furface  of  the  dodecaedron. 


5 + V? 


s/2I 


REGULAR  BODIES. 
D 


*«7 


206.901  foli- 


^ii£s±47  x 2?  x s = vV.^6±tE 

X v X sLii2i^±« :-x  = 40 

<7{y  required. 

2.  The  linear  fide  of  a dodecaedron  is  1 ; what  is 
thefolidity?  dlnf.  7.6631. 

PROBLEM  IV. 

7s  ./W  the  folidity  of  an  icofaedron. 

RULE.* 

To  3 times  the  fquare  root  of  5 add  7,“&nd  divide 
the  fum  by  2 j then  the  fquare  root  of  this  quotient 

being 


* Demon.  Let  a be  a folid  angle  of 
the  icofaedron,  formed  by  5 faces,  or 
triangles,  whofe  bafes  make  the  pen- 
tagon bch  tn. 

T hen,  if  a perpendicular  bedemitted 
from  a upon  the  pentagonal  plane 
b c d 1 m,  it  will  fall  into  the  centre  n, 
and  b n,  by  the  demonftration  of  the  g 

la(\  problem,  will  be  — a b y ■ ^ 

10 

and  the  radius  of  the  circle  circum- 
feribing  one  of  the  faces  abc  — ^ a b v'  3. 


But 
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being  multiplied  by  | of  the  6ube  of  the  linear  fide 
will  give  the  folidity  required. 

That  is  s3  x •/  = folidity  when  s — 

to  the  linear  fide. 


EXAMPLES. 

i.  The  linear  fide  of  the  icofaedron  a bCj  i f is 
5 : what  is  the  folidity  i 


D 


But  the  radius  ef  the  cjrcumfcribing  fphere  is  « — 
■L-A--  — — R A — - abV  - ^ 'J-—,  found  as  in  the  laft 

2 AH  BBl  8 

problem. 

And,  fince  r is  the  hypothenufe  of  a right  angled  triangle, 
one  of  whofe  legs  is  \ a b J ■$,  the  radius  of  the  circle  cir- 
cunifcribing  the  face  a b c,  and  the  other  r,  the  radius  of  the 

infcribed  fphere,  we  lhall  have  r — s/  r1 — j(abs/  3)x  — 


✓ ✓ 7+W-? 


But  the  folid  is  compofed  of  20  equal  triangular  pyramids. 


24 


each  of  whofe  bafcs  are  ~ * •/  3 by  problem  S ; therc- 

* fore 
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. 3^5  + 7 „ 5 X 3J  _ , 3 x 2-23606  + 7 ^ 
*y -x — - — = v x 

20  2 

5x27 _ ^7.0818+  7 ^ 5x9  _ 14.0818  x 45 

6 22  22 

= \/7-0-)-09  X 22.5  =2.65  X 22.5  = 95.625  —fotidity 
required. 

2.  Required  the  folidity  of  an  icofaedron,  whofe 
linear  fde  is  1 ? Anf.  2.1816949905. 


WAB*  a b 74  W i 

fore  ^3  X fri  5AB1  >/?  X — <J  — — 

4 3 24 

AB3^Z  + 1^5 


= 4 


= folidity  of  the  icofaedron.  Q^E.  D. 


If  l be  put  for  the  linear  fide,  then  will  cl1  v/  ' — furface 
•f  the  icofaedron.  3 ~ 

Note.  The  fuperficies  and  folidity  of  any  of  the  j regular 
bodies  may  be  found  as  follows. 


Rul*.  1.  Multiply  the  tabular  area  by  the  fquafe  of  the 
linear  edge,  and  the  product  will  be  the  fuperfie'es. 

2.  Multiply  the  tabular  folidity  by  the  cube  of  the  lineal' 
edge,  and  the  product  will  be  the  folidity. 


Surfaces  and  Solidities  of  the  Regular  bodies. 


N°  of 
Sides. 

Names. 

Surfaces. 

Solidities. 

4 

6 

8 

12 

20 

Tetraedron 

Hexaedron 

O&aedron 

Dodecaedron 

Ieofaedron 

1.73205 

6.00000 

3.4^410 

20-04573 

8.66025 

0.11785 

I.OOOCO 

0.47x40 

7.66312 

2.18169 

© I 


< 
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CYLINDRIC  RINGS. 

. * 

' 9 

PROBLEM  I. 

*To  find  the  convex  fuperficies  ofi  a cylindric  'ring. 

RULE.* 

TO  the  thicknefs  of  the  ring  add  the  inner  dia- 
meter, and  this  fum  being  multiplied  by  the 
thicknefs,  and  the  product  again  by  9.8696  will  give 
the  fuperficies  required. 


EXAMPLES. 

I.  The  thicknefs  of  a c of  a cylindric  ring  is  3 
inches,  and  the  inner  diameter  cd  12  inches : what  is 
the  convex  fuperficies? 


* A folid  ring  of  this  kind  is  only  a bent  cylinder,  and 
therefore  the  rules  for  obtaining  its  fuperficies,  or  folidity,  are 
the  fame  as  thofe  already  given.  For  let  a c be  any  feftion  of 
the  folid  perpendicular  to  its  axis  on,  and  then  a c X 3.141591 
Ac.  “ circumference  of  that  fe£tion,  and  ac  + cd  (on)  X 
3.14159,  Sec.—  length  of  the  axis  on. 

Whence  a c X 3.141  gg . Ac.  x a -f  ,■  d X 3.14159,  Sec.— 
A tf-ptr/XACX  3. 14159,  tec.} 1 “ a c ■+•  c d X a r X 9-S6o6,  Ac. 
— fuperficies  required.  • 
to 
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12, + 3 x .3  x 9-8696  = 15  x 3 x 9.8696  = 45  x 
9.8696=444. 132  — Juperfcies  required.. 

2.  The  thicknefs  of  a cylindric  ring  is  4 inches, 

and  the  inner  diameter  . 18:  what  is  the  convex  fuper- 
ficies  ? A nf.  26S.^2>fquare  inches. 

3.  The  thicknefs  of  a cylindric  ring  is  2 inches, 

and  the  inner  diameter  18:  what  is  the  convex  fuper- 
^cies  • Jlnf  394-/85  fquare  inches. 


PROBLEM  II. 

To  find  the  folidity  of  a cylindric  ring. 

RULE* 

T o the  thicknefs  of  the  ring  add  the  inner  dia- 
■merer , and  this  fum  being  multiplied  by  the  fquare  of 
half  the  thicknefs,  and  the  produdt  again  by  0.8606 
will  give  the  folidity. 


* Demon,  a <4  x .78539,  &c.  = ac1  x ■ — -4*  59,  &c.  = 

4 

I ac’  x 1.14151),  &c.  = area  of  the  feflion  ac;  and  ac  4-  CJ 
(«  »)  X 3.141  59,  &c,  — length  of  the  axis  0 n. 

x“e^LS'5A,,X3-’4,55'‘‘c-'1  - 


EXAM- 
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EXAMPLES. 

4 *•  What  is  the  folidity  of  an  anchor  ring,  whofe 
inner  diameter  is  8 inches,  and  thickuefs  in  metal 
3 inches  ? 

8+3  x t!1  * 9 8696  — 1 1 X 1.5*  X 9.8696^:  1 1 x 
Z.25X  9.86962:24.75  X 9.8696  = 244.2726  —folidity 
required. 

2.  The  inner  diameter  of  a cylindric  ring  is  18 

inches,  and  its  thicknefs  4.  inches ; what  is  the  foli- 
dity?  ' Anf.  868.5248. 

3.  Required  the  folidity  of  a cylindric  ring,  whofe 
thicknefs  is  2 inches,  and  its  inner  diameter  12. 

Anf.  138.1744. 

4.  What  is  the  folidity  of  a cylindric  ring,  whofe 
thicknefs  is  4 inches,  and  inner  diameter  26? 

Anf.  789.568. 


This  figure  being  only  a cylinder  bent  round  into  a ring,  its 
furface  and  folidity  may  alfo'be  found  as  in  the  cylinder,  namely, 
by  multiplying  the  axis  or  length  of  the  cylinder  by  the  cir- 
cumference of  the  ring,  or  fedtion,  for  the  furface,  and  by  the 
area  of  a fedtion  for  the  folidity. 

Thus,  if  c — circumference  of  the  ring,  or  fedtion,  a ~ area 
of  that  fedtion,  and  /—length  of  the  axis  : then  will  cl  — fur- 
face of  the. ring, .and  a l—  to  its  folidity.  Which  rules  are  the 
fame  as  for  the  cylinder,  and  may  be  eafily  converted  into  thofe 
given  in  the  text. 

Thefe  rules  are  indeed  fo  obvious,  as  to  render  any  demon- 
ftration  of  them  altogether  unnecefTary, 

> j , , . 
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WEIGHT  and  DIMENSIONS 


OF  ' 

BALLS  and  SHELLS. 


T^HE  weight  and  dimenfions  of  any  ball  or  Ihefl 
being  had  from  experiments,  the  weight  and 
dimenfions  of  any  other  ball  or  fhell,  of  the  fame 
kind,  may  be  found  by  the  following  rules. 

PROBLEM  I. 

i • 

Hawing  the  diameter  of  an  iron  foot  given,  to  fond  its 
weight.  J 

RULE* 

Take  of  the  cube  of  the  diameter,  and  * of  that 
eighth,  and  the  fum  will  be  the  weight  required  in 
pounds,  exacily.  u 

exam. 


Dtir.'.n.  The  weight  of  an  iron  /hot  whofe  diameter  is 
4 inches  is  gibs  ; and  as  globes  are  as  the  cubes  of  their  dia- 
meters, therefore  4*  : gibs.  : : d3  (diameter  being  — D) ; 

77  M — weight.  But  — — — - + — — — 0r  ~ 

64  64  64  64-  8 +Tof 

Wherefore  the  weight  required  is  -^-d3  .p  _L  0f 


8 


cle.d. 

Rult 


K 
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EXAMPLES. 

I.  The  diameter  of  an  iron  fhot  is  3.5  inches;  what 
is  its  weight 

3-5 

3-5 

1 75 
105 

12.25 
3- 5 


6125 

367S 

8)42.875 


8)5-359 

.669 


6.028 zzlbs.  nearly. 

2.  The  diameter  of  an  iron  fhot  is  6.7  inches; 
what  is  its  weight?  Anf.  ^z.zq^lbs. 


PROBLEM  II. 

Hawing  the  diameter  of  a leaden  ball  given,  to  fnd  its 
e weight . 


Rule  by  Logarithms.  To  3 times  the  log.  of  the  diameter, 
add— *.1+80625,  and  the  fum  is  the  logarithm  of  the  weight 
requited* 

RULE. 


i95 
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RUL  E.* 

Take  j of  the  cube  of  the  diameter,  and  from  it 
fubtratt  T of  this  third,  and  die  remainder  is  the 
weight  required,  nearly. 


examples. 


i • W hat  is  the  weight  of 
diameter  is  3.3  inches? 


a leaden  ball,  whofe 


3-3 

3-3 


99 

99 


10.89 

3-3 


3267 

3267 


3)35-937 


3)h-979 

3-993 


7-9^6 — 8 lbs.  'weight , nearly. 


The  weight  of  a leaden  ball,  of  45  ;nches  diamct#r# 


X nl  — 


lylbs.  therefore  4. 25I  : \-jlbs.  : : D3  : *7 

a 76-765625 

■ — nl  nearly,  — ( l [_\  v ,, 3 1 , r x 

9 _ 9 V ~T of-i-oj. 

* 3 3 3 

iy  Lora>  itbmi.  To  -i  times  thp  Ino-  .1  ,9^* 

add—  r. 3452821,  and  the  fum  will  be  thf  logarithmTfTh’ 
weight  in  pounds  exaff/y.  S rithm  of  t,ie 

K 2 


2.  What 
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2.  What  is  the  weight  of  a leaden  .ball  whofe  dia- 
meter is  5.24  inches  ? Anf.  3 zlbs . nearly. 

PROBLEM  III. 

The  weight  of  an  iron  ball  being  given,  to  fnd  the 
/diameter. 


RULE.* 

Multiply  the  weight  by  7,  ard  to  the  produfl  add 
of  the  weight,  and  the  cube  root  of  the  fum  will 
be  the  diameter  in  inches. 

EXAMPLES. 

l.  The  weight  of  an  iron  ball  is  24lbs.  what  is  the 
diameter 

24 

7 

1 68 

-9  of  24  z=  2.666 
170.666 


* Demon.  By  problem  I.—  dJ  zi  weight  — no  ; thcre- 

6+ 

64  63  1 , r 

fere  d!  =—  X no  — — no  H w =Z  "no  -\ tv  ; 

9 9 9,  9 

and  confequently  n — 7 no  + -I-rJ]  \ ■ Q^E.  D. 

-The  Rule  by  Logarithms.  To  the  log.  of  the  weight  in 
pounds,  add  0.8519375,  and  £ of  the  fum  will  be  the  loga- 
rithm of  the  diameter  in  inches. 

The  cube  root  in  any  of  the  following  queftiens  may  alfo 
he  extradted  by  Logarithms. 

7 . /• 
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+ Let  the  fuppofed  root  be  5,  w hofe  cube  is  125  ; then. 
125  170.666 

2 2 

250  3-f  *-33z 

170.666  125. 


420.666  : 466.332  : ; 5. 

5 


420.666)2331.660(5.54  inches  ~ cube  root  of 
2103330  170 666,  or  tbt  dia.  req* 

2283300 

2103330 


1799700 

1682664 


117036 

2.  The  weight  of  an  iron  ball  is  i2lbs.  what  is  the 
diameter  i Anf  4.403  inches, 

PROBLEM  IV. 

Having  the  weight  of  a leaden  ball  given,  to  f.nd  its 
diameter. 


1"  Tie  rule  here  ufed  for  extracting  the  cube  roA  is  at 
follows ; 

Find  a toot  nearly  equal  to  the  true  one  by  trial,  and  then 
fay,  an  twice  the  cube  of  the  fuppofed  root  added  to  the  given 
number,  is  to  twice  the  given  number  added  to  the  cube  of 
the  fuppofed  root,  fo  is  the  fuppofed  root  to  the  true  root, 

nearly. 

For  a further  account  of  this  method,  together  with  its  de- 
monftration,  fee  the  Scholar's  Guide  to  sJrithir.ctic , page  170. 

K 3 RULE.. 
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RULE.* 

To  4 times  the  weight,  add  half  the  weight,  and 
Tj^5  of  half  the  weight,  and  the  cube  root  of  this  fum 
will  be  the  diameter,  nearly. 


EXAMPLES. 

i.  The  weight  of  a leaden  ball  is  81bs.  what  is  the 
diameter  i 

8 

_4 

32 

4=1 

36 

•12 — T-§0  of  4 
36.12 

Let  the  fuppofed  root  be  3,  n sihofe  cube  is  27  ; then 


/Ui  /U  s U Z 

* Demon.  By  problem  II.  d?  — X w — 4 w 4* 

17  _____ 
X 4-  _.J-_  of  { w,  'very  nearly  ; therefore  n — + + 

x-o-B- 01  Q-  E-  D- 

The  Rule  by  Logarithms.  To  the  log.  of  the  weight  in 
pounds,  rfdd  0.6547179,  and  -I  of  the  fum  will  be  the  loga- 
rithm of  the  diameter,  in  inches,  exa&ly. 


27 


r 
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37 

36.12 

2 

2 

_ 

» - — - 

54 

72.24 

36  12 

27. 

90.12  : 

99.24  : : 3 
3 

90, 

, 12)297. 72(3. $o~diam.  nearly. 
27036 

27360 

27036 

3H 

2.  What  is  the  diameter  of  a leaden  ball  whofe 
weight  is  i2lbs  i JnJ.  3.78  inches. 

PROBLEM  V. 

Having  the  external  and  internal  dimenfions  of  an  iron 
Jbeil  given,  to  find  its  vjeight. 

* RULE* 

Take  \ of  . the  difference  of  the  cubes  of  the  dia- 
meter in  inches,  and  j of  that  eighth,  and  their  fum 

will  be  the  weight  in  pounds. 

% 

* — r 

* Demn.  The  weight  is  — x r3  — di  — ( p - ■)  x 

64  64  64 

»3-</3~>  x i>*-di  +.’  of  | x oi—d 3.  Q^E.D. 

K.  4 EXAM- 
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EXAMK  ES. 


1.  What  is  the  weight  of  a 13  inch  iron  bomb- 
ftell,  the  metal  being  2 inches  thick  on  a mean  ? 

13 

' *3 

39 

IL 

169 

»3 

5°  7 

169 

2 1 97 —cube  of  the  external diam, 
9 X9  X yzzjzgzzcu/be  of  the  internal  diam. 

8)1468 

8)183.5 

22-9 

206.4 —lb*,  weight  required. 

2.  What  is  the  weight  of  a 9 inch  iron  bomb  (hell, 
the  metal  being  i \ inches  thick?  Jnfi.  72.14/Ar. 


PROBLEM  VI. 

To  find  the  number  of  founds  of  powder  that  a hollow 
fhcll  will  hold. 

J RULE. 
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RULE* 

Cube  the  internal  diameter  in  inches,  and  divide 
by  59.32,  and  the  quotient  is  the  weight,  nearly. 


EXAMPLES, 

i.  How  many  pounds  of  powder  will  a hollow 
fhell  hold,  whole  internal  diameter  is  9 inches  ? 

9 

9 

Si 

9 

59. 32)729. °o(  1,2.28— pounds  nearly'.. 
5932 

* 

13580 

11864L 

• * T 
I7l6o 
II864 

52960  . 

474$6 

5504  2;  How 


* Demon.  The  content  of  the  lhell  is  zz  d3  X .5236;  there. 


fore  31.06  (in.  in  1 lb.)  : ilb.  : : d!  X -5236  : 


•5*3$ 

31.06 


X b!  = 


59.3a 


Qj_E.  D. 


Or  the  rule  mty  be  cxprejfed  thus.  Cube  the  diameter,  and 
alf6 

K 5 jh*. 


take  — part  of  the  refult;  alf6~pait-of  this—;  and  from* 
00  60  60 
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2.  How  many  pounds  of  powder  will  a hollow 
bomb  Ihcll  hold,  whofe  internal  diameter  is  13  inches? 

Anf.  ^Ibs.  nearly. 

PROBLEM  VII. 

To  find  the  dimenfions  of  a cubical  box , to  hold  a gi  ven 
quantity  of  powder. 


RULE* * 

Multiply  the  weight  in  pounds  by  31.06,  and  the 
cube  root  of  the  product  will  give  the  length  of  the 
fide  in  inches. 


EXAMPLES. 

1.  What  muft  be  the  length  of  the  fide  of  a cubidii 
box  that  is  to  hold  15 lbs.  of  powder  ? 

3 1.06 
16 


15530 

3106 

465.90 


the  fum  of  thefe  two  quotients,  fubtratt  5 of  the  laft  quotient, 
and  the  remainder  is  the  anfwer,  nearly. 

Rule  by  Logarithms.  To  3 times  the  log.  of  the  diameter  in 
inches,  add — 2.2267989,  and  the  fum  is  the  logarithm  of  the 
quantity  of  pounds  required. 

* Demon.  As  31.06  inches:  lib.  : : s3  (the  cube  of  the  fide) 
. w (the weight) ; whence s — 31.06  x ■«/)•§.  Q^E.  D. 

Rule  by  Logarithms.  To  j of  the  log.  of  the  weight  in 
pounds,  add  0.4974003,  and  the  fum  \yill  be  the  logarithm  of 
the  fide  in  inches. 


Let 
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* Let  7.5  be  the  fuppofed  root,  -ivbofe  cube  is  421.875  j 


N 

CO 

1 ^ 

1 N '-'1 

465.9 

2 

843  750 

93 1-8 

465.90  „ 

42!.875 

1309.650 

1 3 5 3-^75 

7-5 

6768375 

947S725 

1309.650)  101 52:5625(7.75— fide  req. 

9i6755° 


9850125 

9167550 

■■■  y 

6825750 

6^48250 

277500 

2.  What  is  the  fide  of  a cubical  box,  that  is  to 
hold  i2lbs.  of  powder  ? Anf.  7.19  inches. 

PROBLEM  VIII. 

Given  tb$  length,  breadth,  and  depth  of  a rectangular 
box,  to  find  bow  many  pounds  of  powder  will  fill  it. 


* The  cube  root  may  here  alfo  be  found  by  Logarithms. 

K 6 RULE; 
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RULE* 

Multiply  the  length,  breadth,  and  depth  in  inched 
together;  and  this  produdt  being  multiplied  again  by 
.0322  will  give  the  anfwer  in  pounds,  nearly. 

But  if  greater  exaftnefs  be  required,  fubtraft 
part  of  the  produft  of  the  three  dimenfions  from  the 
laft  refult,  and  the  remainder  will  be  the  anfwer, 
very  nearly. 

EXAMPLES. 

1.  The  length  of  a redlangular  hex  is  15  inches, 
the  breadth  13  inches,  and  the  depth  5 inches:  how 
many  pounds  of  powder  will  it  hold  ? _ 

15 

J3 

4 45 

U> 

*95 

a 

5 

975 

.0322. 


195a 

I95°‘ 

2925 


31.395b  —pounds  required'. 

2.  The- 


* Demon.  Let  l,  b,  d,  — length,  breadth,  and  depth  re- 
fpedlively. 


L B I> 


Then  — — — weight  in  pounds  — t s d X .03119574  “ 

/ ,0322  ) Xud.  Q.  E.  D. 

v 4P°°. 


RiJr 
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2.  The  length  of  a reftangular  box  is  1 foot,  the 
breadth  9 inches,  and  the  depth  4 indies:  how  many 
pounds  of  powder  will  it  hold  ? Anf.  13.9104/^/. 

* ... 

PROBLEM  IX.. 

Given  the  diameter  and  length  of  a hollow  cylinder,  tt 
fnd  htnv  many  pounds  of  gunpowder  will  fill  it. 

RULE.* 

Multiply  the  fquare  of  the  diameter  by  —5  of  the 
length  ; and  then  take  \ of  the  product,  ~ part  of 
this° fourth,  and  part  of  this  lad,  and  the  fum  of 
all  thefe  parts  will  be  the  anfvver  in  pounds,  nearly. 


Rule  by  Logarithms.  Add  the  logarithms  of  the  length, 
breadth,  and  depth  in  inches,  and  the  conftant  logarithm 
—,2.5077983  together;  and  the  fum  will  be  the  logarithm  of 
*hc  anfwer  in  pound's,  exactly. 


Demon. 


r^X  -78539  X r 


31.06 


_ 9 
: tv  zz.  — 


d*  1,  nearly. 


9 9 

But  — - _L 

356  360- 


-9-  + A. 

360  360 


3-5&- 

*£  + 


9 

3bo 


X—  X 
360 


4 i i t i i r r 

A-  Sec.  — — X — #—  X i X — X —,  &c. 

360  10  4 4 90  4 90  90 


Hence  to  zz  d2  x — X (J  + £ X 1-  £ X — X — )r 

1 ci  90  90  90 

nearly.  Q^E.  D. 

The  two  firft  terms  are  near  enough  for  common  ufe. 

Rule  by  Logarithms.  To  twice  the  log.  of  the  diameter, 
add  the  logarithm,  of  the  length  of  the  cylinder,  and  the 
conftant  logarithm — 2.4028885,  and  the  fum  will  be  the 
logarithm  of  the  weight  in  pounds,  exaftly. 

4 
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EXAMPLES. 

I.  The  diameter  of  a ho’low  cylinder  is  4 inches, 
and  the  length  1 foot : how  many  pounds  of  powder 
will  it  hold  ? 

4 

4 


4) I9,2: 

4.8 

^ "°5$?>—~£o0f  4-8 

.0005 of.  0533 


4.8538  founds  the  anfwer. 

2.  The  diameter  of  a hollow  cylinder  is  6 inches,, 
and  its  length  10  inches:  how  many  pounds  of  powder 
will  it  hold?  dnf.  9.  libs. 

PROBLEM  X. 

Given  the  diameter  of  a hollow  cylinder,  to  find  what 
length  cf  it  will  he  filled  by  a given  quantity  of  powder. 

R U L E.*  * 

1.  Divide  the  weight  in  pounds  by  the  fquare  of 
the  diameter  in  inches.  2.  Mul- 


356  no 5 _ 

* Demon.  By  the  lafl  problem  — 39  ~ * 

. 7 1 , no  4°  nb 

21  — (40 ) X — — (4° ) * TT  — 

pi—  ^ 9 d1  9 9 ° D 

( l x ~ i of  i x ^ D* 


/ 
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2.  Multiply  the  quotient  by  40,  and  from  the  pro- 
duct fubtiaci  y of  ti\e  quotient. 

3.  From  the  remainder  take  of  that  third,  and 
this  Jail  remainder  will  be  the  anfwer,  nearly. 

• EXAMPLES. 

I.  The  diameter  of  a hollow  cylinder  is'  t foot: 
what  length  of  it  will  be  filled  by  10  pounds  of 
powder  ? 

12)10 

1 2)- 8 3 3 3 


.0694416x210 lls.  divided  hy  the  fquare  of  12. 
40 


2.7776640 

.023  I472  ~y  Of.  0694416 


2-7545168 

.00771571=  of . 0231472 

2.746801 1 = height  in  inches  required. 

2.  The  diameter  of  a hollow  cylinder  is  6 inches : 
what  length  of  it  will  be  filled  by  izlbs.  of  powder? 

Anf.  13.185. 


Rule  by  Logarithm!.  To  the  conftant  logarithm  1.597x11, 
add  the  logarithm  of  the  given  quantity  of  powder  in  pounds, 
add  alfo  the  arithmetical  complem  nt  of  twice  the  logarithm 
of  the  diameter  in  inches;  and  the  Yum  will  be  the  logarithm 
of  the  length  in  pounds. 

Thefe  rules,  and  their  inveftigations,  were  given  me  by 
Mr.  Reuben  Burrow. 
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/RON  foot  and  foells  are  ufually  piled  in  horizontal 
courfes,  in  a pyramidical  or  wedge  like  form,  th3 
bafe  being  either  an  equilateral  triangle,  a fquare 
or  a re&angle.  In  the  triangle  and  fquare,  the  pile 
finifhes  in  a fingle  ball;  but  in  the  reftangle,  the  top 
is  a fingle  row  of  balls. 

In  triangular  and  fquare  piles  the  number  of  hori- 
zontal rows  or  courfes  is  always  equal  to  the  number 
of  fhot  on  one  fide,  in  the  Bottom  row.  But,  in 
reftangular  piles,  the  number  of  courfcs  is  equal  to  the 
number  of  fhot  in  the  breadth  of  the  bottom  row ; 
and  the  number  in  the  top  row,  lefs  one,  is  the  dif- 
ference between  the  number  in  the  length  and  breadth 
©f  the  bottom  row. 

PROBLEM  Ii 

To  fond  the  number  of  foot  in  a fonifoed  triangular  pile ’ 
RULE,*- 

Multiply  the  number  in  one  fide  of  the  bottom  row 
plus  two,  by  that  number  plus  one;  and  this  produdV 
r * being- 


* Demon.  In  triangular  piles,  each  horizontal  courfe  is  a 
triangular  number,  produced  by  taking  the  fucceffive  funis  of 


5 


Of  the  PILING,  &t.  zo 9 

being  again  multiplied  by  \ of  the  number  in  the  faid 
row,  will  give  the  anfwer  required. 


examples. 

j.  Required  the  number  of  Ihot  in  a finilhed  tri- 
angular pile,  the  number  in  one  fide  of  the  bafe 
} being  20  f 


22 

22  number  plus  2 

21 

zz  number  plus  1 

22 

44  . 

462 

so 


6)9240 


j number  ofjhot  in  the  whole  file, 
2.  Required  the  number  of  (hot  in  a finilhed  tri- 
stngular  pile,  the  number  in  one  fide  of  the  bafe  being 
40  ? Anf  1 1 480, 


the  numbers  1;  1,  2;  1,  2,  3;  1,  2,  3,  4;  1,  2,  3,  4,  5, 
&c.  and  the  whole  number  of  fhot  in  fuch  a pile  is  equal  to 
the  fum  of  all  thofe  triangular  numbers,  taken  as  far,  or  to  as 
many  terms,  as  are  equal  to  the  number  in  one  fide  of  the 
bottom  courfe. 


Thus,  if  1,  2,  3,  4,  5,  6,  7,  &c.  be  the  natural  numbers, 
then  will  1,  3,  6,  10,  15,  21,  23,  be  the  triangular  numbers  j 
or  the  number  of  fhot  in  e?ch  courfe  from  the  top. 

But  the  fum  of  the  feries  1 + 3 + 6 + 104-154-21  +28,  &c. 


to  n terms  is  — 


n+t  » + 2 

X — X — - — (by  Simpfon  s Algebra , 


1 
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PROBLEM  II. 

To  find  the  number  of  Jhot  in  a finifhed  fquare  pile. 

RULE* 

Multiply  the  number  in  one  fide  of  the  bottom  row 
plus  one,  by  double  that  number  plus  one;  and  this 
product  being  again  multiplied  by  l6  of  the  faid  num- 
ber, will  give  the  anfwer  required. 

EXAMPLES. 

1.  Required  the  number  of  Ihot  in  a finilhed  fquare 
pile,  the  number  in  one  fide  of  its  bafe  being  20. 

' 41“  double  of  20,  plus  I 

212:20  plus  1 

41 

82 

861 

20 


6)17220 

287 q— number  of  fijot  in  the  pile. 

2.  Required 


* Demon.  In  fquare  piles,  each  horizontal  courfe  is  a fquare 
number,  produced  by  taking  the  fquare  of  the  number  in  its 
fide;  and  the  whole  number  of  (hot  in  fuch  a pile  is  equal  to 
the  fum  of  all  thofe  fquares,  beginning  at  one  and  proceeding 
as  far  as  the  number  in  the  fide  of  the  bottom  courfe. 

Thus,  if  1,  2,  3,4,  5,  6,  7,  &c.  be  the  natural  numbers,, 
then  will  1,  4,  9,  16,  25,  36,49,  &c.  be  the  fquare  numbers, 
or  the  number  of  /hot  in  each  courfe  from  the  top. 

k But 
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2.  Required  the  number  of  (hot  in  a fini(hed  fquare 
pile,  one  fide  of  the  lower  tier  having  40  (hot  in  it. 
t ’ Anf.  22140. 


problem  nr. 

• To  fnd  the  number  of  Jkot  in  a finifhed  reft  angular 

file. 

RULE* * 

1.  To  twice  the  length  of  the  uppermoft  row  add 
the  number  of  courfes  lefs  one,  and  multiply  the  fum 
by  the  number  of  courfes  plus  1 . 


* But  the  fum  of  the  feries  1 +4  + 9 + 16+25  + 36+49,  &c* 

»X  (»+0  X'(»«  + a)  ,,  . 

to  n terms  is  c.  - (by  Smpfon  s Algebra , 

6 

page  206)  z#  + iX»»+JXj,  which  is  the  fame  as  the 
rule.  Q^E.  D. 

* The  invcjiigation  of  this  rule  is  given  by  Mr.  Smpfon,  in 
page  209  of  his  Algebra  thus  : Let  m + 1 and  p + 1 reprefent 
the  length  and  breadth  of  the  uppermoft  rank,  and  n the 
number  of  ranks  one  above  another. 

Then  will  w + iX/>  + i + m + zx  />  + 2 + /»  + 3 X p + 1, 
&c.  be  the  number  of  Ihot  in  each  of  the  re&angular  courfes 
of  the  pile.  * 

Andm  + iX/>+i  + v;  + 2Xp  + 2+»i  + 3 X?  + 3.- 

...  + m + nxp  + n — number  of  fhot  in  the  pile,  whether 
it  be  whole,  or  broken. 

But  »i  + i X/>  + i+  « + iXf+2  + « + 3X/'+3.i.. 

+ «»  + 'iX/>-t  n — nX  {mp  + — xm+  p + ( '*  + 1 1 X ( 2«  + i ) 

2 fa 

— X ^B+»tlX2yi  + n+  i+  (r‘  + l)  X (g  l) 

4 # 3 

v/hich  is  the  fame  as  the  rule.  Q^E.  I. 


2.  Mul- 
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2.  Multiply  the  number  of  courfes  lefs  one  by  that 
number  more  one,  and  add  j of  this  produft  to  the 
former. 

3,  Take  \ of  this  laft  fum  and  multiply  it  by  the 
number  of  courfes,  and  it  will  give  the  anfwer  re- 
quired. x 

EXAMPLES. 

I.  How  many  Ihot  are  there  in  a finilhed  reflan- 
gular  pile  of  15  courfes,  the  number  in  the  uppermofl 
row  being  32  i 

32 

2 


i 


642:  tweet  the  upper  mf  row, 

1 4 zz  HUM  Li?  of  mr Ju  left  1 ► 


78 

16 


468 

78 


I 24.8 

14 ^number  of  courfes  hfs  I » 
l6~ number  of  courfes  more  K 


84 

M 

3)224 

74f 

1248 


s* 


4)  »3 
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1660 

33° 


4960 —number  of  Jhot  in  the  pile: 

2.  How  many  (hot  are  there  in  a finifhed  rectan- 
gular pile  of  20  couries,  the  number  in  the  top  row 
being  40?  -Anf  11060. 


The  number  of  /hot  in  any  broken  pile  may  be  obtained 
by  computing  what  the  whole  fini/hed  pile  would  contain, 
and  alfo  what  the  pile  taken  away  contained;  in  which  cafe 
the  remainder  rauft  be  the  number  in  the  unfini/hed  part  as 
required. 

The  rules  for  finding  the  number  of  /hot  in  the  different 
kinds  of  piles,  may  be  exprefled  algebraically  thus  : 

0-  x n + 1 X u 4-  2 in  the  triangular  pile. 

6 

— x « + 1 X T-n  + I — N°  in  the  fquare  pile. 

6 

~ X {n  + 1)  X (3«  — n + 1)  — N°in  the  reftangular  pile, 

6 

Where  n denotes  the  number  in  one  fide  of  the  bottom  rowy 
for  the  triangular  and  fquare  piles.  And  in  the  reftangular 
pile  it  denotes  the  breadth  of  the  bottom  row,  and  m its 
length.  Which  rule,  for  the  latter  cafe,  is  fomething  more 
convenient  than  that  given  in  the  text, 
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ARTIFICERS  WORK. 


Artificers  eitimate,  or  compute,  the  value 

of  their  works  by  different  meafures,  <viz  *. 

I.  Glazing , and  Mafo?i  s flat  work,  &c.  by  the 
foot. 

2.  Painting,' Plajlering,  Paving,  &c.  by  the  yard. 

3.  Flooring,  Partitioning,  Roofng,  Tiling,  Sec.  by  the 
fquare  of  100  feet. 

4.  Brickwork,  & c.  by  the  rod  of  i6|  feet,  whofe 
fquare  is  27 z\. 

The  meafures  made  ufe  of  in  thefe  works  are  con- 
tained in  the  following  table: 


* The  beft  method  of  taking  the  dimenfions  of  all  forts  of 
artificers  work  is  by  feet,  tenths  and  hundredths  j bec.iufe  the 
computations  may  then  Jjc  performed  by  common  multiplica- 
tion, or  by  the  Hiding  rule,  hereafter  dcfcribed. 


OF 
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BRICKLAYERS  WORK*. 

BRICKLAYERS  compute  or  value  their  work 
at  the  rate  of  a brick  and  a half  thick,  and,  if 
a wall  be  more  or  lefs  than  this  ftandard,  it  muft  De 
reduced  to  it,  as  follows  : 


* Note , In  pradtice  it  is  ufual  to  divide  the  fquare  feet  by 
272  only,  omitting  the  £. 

The  ufual  way  to  take  the  dimenfions  of  a building,  is  to 
meafure  half  round  its  middle,  on  the  outfide,  and  half  round 
it  on  the  infide ; and  this  will  give  the  true  compafs,  in  which 
the  thicknefs  of  the  wall  is  included. 

When  the  height  of  the  building  is  unequal,  take  feveral 
different  altitudes,  and  their  fum  being  divided  by  the  number 
you  have  taken,  may  be  confidered  as  the  mean  height.  ' 

To  meafure  a chimney  ffanding  by  itfelf,  without  any  party- 
wall  adjoining;  girt  it  about  for  the  length,  and  reckon  the 
height  of  the  ftory  for  the  breadth;  but  if  it  Hands  againft  a 
wall,  you  muft  meafure  it  round  to  the  wall  for  the  girt,  and 
take  the  height  as  before. 

When  the  chimn-.  y is  wrought  upright  from  the  mantle- 
tree  to  the  cicling,  the  thicknefs  muft  always  be  the  fame  with 
the  jaumbs ; and  nothing  is  ever  deduced  for  the  vacancy 
between  the  floor  and  the  mantle-tree,  becaufe  of  the  gathering 
of  the  breall  and  wings  to  make  room  for  the  hearth  in  the 
next  ftory. 

To  meafure  chimney  fhafts,  or  that  part  which  appear 
above  the  roof ; girt  them  with  a line,  about  the  leaft  place 
for  the  length,  and  take  the  height  for  the  bread  ch;  and  if 
they  be  four  inches  thick,  fet  down  the  thicknefs  at  one  brick- 
work; but  if  they  be  nine  inches  thick,  reckon  it  at  a brick 
and  a half,  in  confideration  of  the  plaftering  and  fcaffolding. 

AW 


9 


216  BRICKLAYERS  WORK. 

RULE.* 

Multiply  the  fuperficial  content  of  the  wall  in  feet, 
by  the  number  of  half  bricks  in  the  thicknefs,  and 
of  that  produdt  will  be  the  content  required. 

examples. 

i.  How  many  fquare  rods  are  there  in  a wall  5 2 1 
feet  long,  xz  feet  9 inches  high,  and  i \ bricks  thick? 

By  Decimals. 

52.5  length 

12.7  ^.height  — 


2625 

3675 

I050 

525 


272)669.375(2.4609 

544  5 half  bricks 


1253*3),2-3°45 

1088  ro.  fe.  tn. 

4.10152=4  27  7 the  anfivcr. 

1657  ‘ 

1632 


2SS° 

2448 


AH  windows,  doors,  fee.  are  to  be  dedufted  out  of  the 
contents  of  the  walls  iri  which  they  are  placed.  But  this 
deduction  is  made  only  with  regard  to  materials  j for  the  value 

of 
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By  Crofs  Multiplication. 


feet  in. 
52  6 


12 

9 

' * 

- : 

630 

39 

0 

4 6 

272)669 

4 6 

j 

2 

1 z4  4 
5 

• 

3)12 

82  8 

V 

4 

27  7 as  lefore . 

2.  How  many  fquare  rods  are  there  in  a wall  621- 
feet  long,  14  feet  8 inches  high,  and  z£  bricks  thick  ? 


ro.  fe.  in.  p. 

Anf.  5 167  9 4 

3.  If  each  fide  walj^of  a building  be  45  feet  long- 
on  the  outfide,  each  en<i  wall  1 5 feet  broad  on  the 
infide,  the  height  of  the  building  20  feet,  and  the 
gable  at  each  end  of  the  wall  6 feet  high,  the  whole 
being  2 bricks  thick  j what  is  the  true  content  in 
ltandard  rods  l Anf.  12.1761. 


of  their  workmanlhip  is  added  to  the  bill  at  the  Bated  rate 
agreed  on. 

There  are  alfo  other  allowances  to  be  made  to  the  workman, 
fuch  as  thofe  for  returns  or  angles  made  by  two  adjoining 
walls,  and  double  meafure  for  feathered  gable  ends,  See.  ° 
All  ornamental  work  is  generally  valued  by  the  foot  fquare, 
fuch  as  arches,  doors,  architraves,  frizes,  cornices,  &c.  But 
carved  mouldings,  & c.  are  often  agreed  for  by  the  running 
foot,  or  lineal  meafure. 

• » 


L 


OF 
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MASONS  WORK. 

TO  Mafonry  belongs  all  forts  of  ftcne  work,  and 
the  meafure  made  ufe  of  is  a loot,  either  fuper- 
ficial or  folid. 

Walls,  blocks  of  marble  or  hone,  columns,  &c.  are 
meafured  by  'the  folid  foot ; and  pavements,  flabs, 
chimney-pieces,  &c.  by  the  (uperficial  foot.* 

EXAMPLES. 

I 

i . Required  the  folid  content  of  a wall  whofe  length 
is  48  feet  6 inches,  its  height  10  feet  9 inches,  and 
thicknefs  2 feet. 

By  Decimals. 

48.5 

10.75 


y3fi5 

485° 


5 2 1 -375 

z 


1042.750  the  anj'wer. 


• 

* Solid  meafure  is  principally  ufed  for  materials,  and  the 
fuperficial  fir  workmanfhip. — In  the  folid  mbafure  the  true 
length,  breadth,  and  thicknefs,  are  taken,  and  multiplied  con- 
tinually together.  And  in  the  fuperficial  meafure,  the  length 
and  breadth  of  every  part  of  the  projeftion  muft  be  taken, 
as  it  appears  without»the  general  upright  face  of  the  budding. 
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By  Crofs  Multiplication. 


feet 

in. 

48 

6 

lO 

9 

485 

0 

36 

4 

6 

521 

4 

6 

2 

0 

0 

104.2  9 o the  fame  as  before. 

2.  Required  the  folid  content  of  a wall  whofe 

length  is  53  feet  6 inches,  its  height  1 2 feet  3 inches, 
and  its  thicknefs  2 feet.  Anf.  1310  feet  9 in. 

3.  What  is  a marble  flab  worth,  whofe  length  is 
5 feet  7 inches,  and  breadth  1 foot  10  inches,  at  6s. 

Per  foot?  < Jnf3l.u.sj. 

4.  What  is  the  folid  content  of  a wall,  whofe 
length  is  60  feet  9 inches,  its  height  10  feet  3 inches, 
and  its  thicknefs  z\  feet?  Anf  1556.71875  feet. 

5.  In  a chimney-piece,  fuppofe  the  fe.  in. 
Length  of  the  mantle  and  flab  each. 

Breadth  of  both  together. 

Length  of  each  jamb. 

Breadth  of  both  together,  - 1 y > 

What  will  be  the  content  of  the  chimney-piece  ? 

Anf.  21  feet  1 o in 


} 


4 6 

3 2 
fe.  in. 

4 4* 

1 95 


All  windows,  doors,  &c.  are  to  be  deduced  out  of  the  cc 
tents  of  the  walls  in  which  they  arc  placed  ; but  this  dedutf  i 
is  only  to  be  made  with  regard  to  materials,  for  the  value 
the  workmanfliip  is  10  be  added  to  tiie  workman’s  bill  at  1 
hated  rate  only. 

L z 
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CARPENTERS  and  J OINERS  WORK *. 

CARPENTERS  and  Joiners  work  is  that  of 
flooring,  partitioning,  roofing,  &c.  and  is  mea- 

fured  by  the  fquare  of  too  feet. 

' Exam- 


* Note.  Large  and  plain  articles  are  ufually  meafured  by 
the  foot,  or  yard,  & c.  fquare ; but  inriched  mouldings,  and 
fome  other  articles,  are  often  eftimated  by  running  or  lineal 
meafure,  and  fome  things  are  rated  by  the  piece. 

In  meafuring  of  joifts  it  is  to  be  obfenfcd,  that  only  one  of 
their  dimenfions  is  the  fame  with  that  of  the  floor.  and  th 
other  will  exceed  the  length  of  the  room  by  the  tWknefs  of 
the  wall,  and  J of  the  fame,  becaufe  each  end  is  let  into  the 

wall  about  ^ of  its  thicknefs. 

No  dedudlions  are  made  for  hearths,  on  account  of 

additional  trouble  and  wafte  of  materials.  , 

Partitions  are  meafured  from  wall  to  wall  for  one  dimenfion, 
and  from  floor  to  floor,  as  far  as  they  extend,  fo.  the  other 
No  deduction  is  made  for  door-ways,  on  account  of  the 

troftble  of  framing  them.  _ . . . f lv 

In  meafuring  of  Joiners  work,  the  ftnng  is  made  ply 
dofe  to  every  part  of  the  work  over  which  it  pafles.  _ 

their  extraordinary  trouble.  infide  toeether 

r . leneth  of  the  houfe  in  the  miiae,  togeuier 

254  h equaf  to^double°the 

which  is  flretched  from  the  ridge  down  to  the  ratter,  along 
eaves  board,  till  it  meets  with  the  top  o jfar 


/ 


CARPENTERS  and  JOINERS  WORK.  221 


EXAMPLES. 


i.  If  a floor  be  57  feet  3 inches  long,  and  28  feet 
6 inches  broad : how  many  fquares  will  it  contain  i 
£y  Dtdm&h . 

. 57-25 

28.5 


28625 

45800 

11450 


16I31.625 


By 


For  ftair-cajes,  take  the  breadth  of  all  the  fteps,  and 
make  a line  ply  clofe  over  them,  from  the  top  to  the  bottom* 
and  multiply  the  length  of  this  line  by  the  length  of  a ftep  far 
the  whole  area. — By  the  length  of  a ftep  is  meant  the  length 
of  the  front  and  the  returns  at  the  two  ends,  and  by  the  breadth 
is  to  be  underftood  the  girt  of  its  two  upper  furfaces,  or  the 
tread  and  rifer. 

For  tbe  balufirade,  take  the  whole  length  of  the  upper  part 
of  the  hand-rail,  and  girt  over  its  end  till  it  meet  the  top  of 
the  newel-poft,  for  the  length  : and  twice  the  length  of  the 
balufter  upon  the  landing,  with  the  girt  of  the  hand-rail,  for 
the  breadth. 

For  ivainfcotting,  take  the  compafs  of  the  room  for  the 
length  ; and  the  height  from  the  floor  to  the  cieling,  making 
the  firing  ply  clofe  into  all  the  mouldings,  from  the  breadth. — 
Out  of  this  muft  be  made  dedudlions  for  windows,  doors* 
and  chimneys,  Sec.  but  workmanfhip  is  counted  for  the  whole, 
on  account  of  the  extraordinary  trouble. 

For, doors,  it  is  ufual  to  allow  for  their  thicknefs,  by  adding 
it  into  both  the  dimenfions  of  length  and  breadth,  and  then 
multiplying  them  together  for  the  area. — If  the  door  be  pan- 
nelled  on  both  ftdes,  take  double  its  meafure  for  the  work- 

L 3 manfhip ; 
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By  Crofs  Multiplication, 
feet  in. 

57  3 

28  6 


1603  o 
28  7 6 

16I31  .7  6 

2.  A floor  is  53  feet  6 inches  long,  and  47  feet  9 
inches  broad  : how  many  fquares  will  it  contain  ? 

A ttf  25  fq.  and  54  feet. 

3.  A partition  is  91  feet  9 inches  long,  and  11 
feet  3 inches  broad  : how  many  fquares  will  it  contain  ? 

• Anf  I O fq.  and  32  feet. 

4.  If  a houfe  within  the  walls  be  44  feet  6 inches 
long,  and  18  feet  3 inches  broad  : how  many  fquares 
of  roofing  will  cover  it?  Anf.  12  fq.  and  18  feet. 

5.  If  a houfe  meafure  within  the  walls  52  feet  8 
inches  in  length,  and  30  feet  6 inches  in  breadth, 
and  the  roof  be  of  a true  pitch,  what  will  it  coll 
roofing  at  lor,  6d.  per  fquare  ? Anf.  12 /.  12 s.  11  \d. 


man/hip;  but  if  one  fide  only  be  pannelled,  take  the  area  and 
its  half  for  the  workmanship. 

For  the  Jurrottnding  architrave,  gird  it  about  the  OUtermoft 
part  for  its  length;  and  meafure  over  it,  as  far  as  it  can  be 
ieen  when  the  door  is  open,  for  the  hreadth. 

VVirdovi  putters,  iafes,  Sec.  are  meafured  in  the  fame 
manner. 

In  the  meafuring  of  roofing  for  workmanlhip  alone,  all 
holes  for  chimney  Shafts  and  Iky- lights  are  generally  deduced. 

But  in  meafuring  for  work  and  materials,  they  commonly 
meafure  in  all  fky-lights,  luthern  lights,  and  holes  for  the 
chimney  fhafts,  on  account  of  their  trouble  and  wafte  of 
materials. 


OF 
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SLATERS  and  TILERS  WORK. 

/ 

IN  thefe  works,  the  content  of  a roof  is  found  by 
multiplying  the  length  of  the  ridge  by  the  girt  from 
eave  to  eave  ; and,  in  dating,  allowance  mull  be  made 
for  the  double  row  at  the  bottom. 

In  taking  the  girt,  the  line  is  made  to  ply  over  the 
lowed  row  of  Hates,  and  returned  up  the  under  Tide 
till  it  meet  with  the  wall  or  eaves- board;  but  in  tiling, 
the  line  is  ftretched  down  only  to  the  loweft  part, 
without  returning  it  up  again. 

Double  meafure  is  generally  allowed  for  hips, 
rallies,  gutters,  &c.  but  no  dedudlions  are  made  for 
chimnies. 

examples. 

i.  The  length  of  a Hated  roof  is  45  feet  9 inches, 
and  its  girt  34  feet  3 inches : what  is  the  content? 

By  Decimals. 


45-75 

34-25 


22875 

9l5° 


18300 


«37z> 


9)1566.9375 


174. 104- 


« 


JSy 
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SLATERS  and  TILERS  WORK. 


By  Crofs  Multiplication. 


feet 

in. 

- 

45 

9 

34 

3 

1555 

6 

1 1 

5 

3 

9)1566 

1 1 

3 

*74 

0 

3 

Anf.  Xjt\  yards. 

2.  What  will  the  tiling  a barn  coll  at  25 s.  6d.  per 
fquare,  tha  length  being  43  feet  10  inches,  and  thfe 
breadth  27  feet  5 inches,  on  the  flat,  the  eave-boajds 
projefting  16  inches  on  each  fide?  Anf.  24/.  9 s.  5 \d. 


In  regies  formed  in  a roof,  running  from  tlie  ridge  to  the 
eaves,  that  angle  of  the  roof,  which  bends  inwards,  is  called  a 
valley , and  the  angle  bending  outwards  is  called  a hip.  And 
in  tiling  and  dating,  it  is  common  to  add  the  length  of  the 
vallies  to  the  conttnt  in  feet  j and  fometimes  alfo  the  hips  are 
added. 

In  flating  it  is  common  to  reckon  the  breadth  of  the  roof 
a or  3 inches  broader  than  what  it  meafures,  becaufe  the  firlh 
row  is  almoft  covered  by  the  fecond  ; and  this  is  done  fome- 


times when  a roof  is  tiled. 

Note.  Sky-lights  and  chimney-Ihafts  are  always  deduded  ; 
but  they  feldom  deduft  luthern  lights,  or  garret  windows  on 
t ie  roof  j for  the  covering  them  is  reckoned  equal  to  the  hole 
in  the  roof. 

In  all  works  of  this  kind  the  content  is  computed,  either  in 
yards  of  9 fquare  feet,  or  in  fquarcs  of  a hundred  feet,  and  the 
lame  allowance  of  hips  and  vallies  is  to.be  made  as  in  roofing. 

it  is  cuftomary  to  reckon  the  flat  and  half  of  any  building 
within  the  walls,  for  the  meafure  of  the  root  of  that  building, 
when  the  roof  is  of  a true  pitch/  or  fo  that  the  ralteis  arc  -p  of 

,ta  breadth  ol  the  building.  PLASTERERS 


[ 3 


PLASTERERS  WORK. 

PLASTERERS  work  is  of  two  kinds,  viz,- 
plaffering  upon  laths,  called  cieling  ; and  plafter- 
ing  upon  walls,  called  rendering;  and  thefe  different 
k^nds  muff  be  meafured  feparately,  and  their  contents 
colledted  into  one  fum. 

Note.  Proper  dedu&ions  muff  be  made  for  doors, 
windows.  See. — And  in  meafuring  between  quarters, 
there  is  commonly  part  of  the  whole  are^allowed ; 
but  when  rendering  between  quarters  is  whitened  or 
coloured,  there  is  part  to  be  added  to  the  whole  tor. 
the  fides  of  the  quarters  and  braces. 

EXAMPLES. 

If  a cieling  be  59  feet  9 inches  long,  and  24.  feet 
6 inches  broad : how  many  yards  does  it  contain,? 

By  Decimals. 

59-75 

24.5 

% _ 

, 29857 

23900 
1 19500 

9)1463.875' 


162.652 


Flatterers  plain  work  is  meafured  by  the  fquare  foot,  or 
7 >rd  of  9 fquare  feet,  and  enriched  mouldings,  5*e.  by  running 
cr  lineal  mea/ure. 


L 5 


By 
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PLASTERERS  WORK. 


By  Crofs  Multiplication , 

feet 

in. 

59 

9 

24 

6 

H3+ 

0 

29 

10  6 

9)H53 

10  6 

162  5 10  6 

Anf.  162  yards  5 feel. 

2.  If  the  partitions  between  rooms  be  141  feet  6 

inches  about,  and  1 1 feet  3 inches  high  ; how  many 
yards  do  they  contain ? Anf.  176.87. 

3.  There  is  a quantity  of  partitioning  that  mea- 
fures  234  feet  8 inches  about,  and  1 4 feet  6 inches 
high,  and  is  rendered  between  quarters;  the  lathing 
and  plaftering  of  which  will  be  Kd.  per  yard,  and  the 
whiting  2 d.  per  yard  : what  will  the  whole  come  to? 

Anf.  13 L 17s.  z\d. 

4.  The  length  of  a room  is  14  feet  5 inches,  its 
breadth  13  feet  2 inches,  and  height  9 feet  3 inches 
to  the  under  fide  of  the  cornice,  whofe  girt  is  81- 
inches,  and  its  projection  5 inches  from  the  wall  on 
the  upper  part  next  the  cieling : what  will  be  the 
quantity  of  plaftering,  fuppofing  there  are  no  de- 
ductions but  for  one  door,  whofe  fize  is  7 feet  by 
4 feet  ? Anf  5 3 yards  5 feet  3 inches,  of  rendering, 
18  yards  5 feet  6 inches,  of  cieling,  and  39  feet  oT'T 
inches,  of  cornice . 


The  work  is  chiefly  of  two  kinds;  viz.  plaftering  upon  laths, 
called  cieling  ; and  plaftering  upon  walls,  called  rendering  ; ail 
The  different  kinds  are  to  be  meafured  feparately ; and  then  the 
contents  of  the  fame  kind,  or  the  fame  number  of  coats  mull  be 
collected  together  into  one  fum  for  the  content  of  the  whole. 
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PAINTERS  WORK. 

PAINTERS  work  is  meafured  in  the  fame' 
manner  as  that  of  Joiners ; and  in  taking  the 
dimenfions,  the  line  mull  be  forced  into  all  the  mould- 
ings and  corners. 

• Windows  are  done  at  fomuch  a-piece,and  in  carved 
mouldings,  &c.  it  is  cullomary  to  allow  double  the 
ufual  meafure. 

EXAMPLES. 

i.  If  a room  be  painted,  whofe  height  is  1 6 feet  6 
inches,  and  its  compafs  9.7  feet  9 inches:  how  many' 
yards  does  it  contain  ? 

By  Decimals 

97-75 

1 6.5 


48875. 

58650 

9775 

9) 161 2.87  5 


179.208 


Balustrades  and  molt  other  works  of  that  kind  are  meafured 
as  in  Joiners  work,  excepting  for  doors,  window- (flutters,  &c; 
where  the  Joiner  is  only  allowed  the  area  and  half  area,  but  the 
Painter  has  always  double  the  area  of  one  tide,  becaufe  every 
jjart  that  is  painted  mult  be  m:arured. 

JL  6 


By 


228 


PAINTERS  WORK. 


By  Crofs  Multiplication . 
feet  in. 

97  9 

1 6 6 


1564  o 
48  106 

9)1612  10  6 

179  1 10  6 


the  circumference  2 1 feet  8 inches,  how  many  fquare 
yards  does  it  contain  ? _ -d^f  35' 

3.  Suppofe  a room,  that  was  to  be  painted  at 
per  yard,  meafures  as  follows:  The  height  is  1 1 je. 
7 in  the  girt  or  compafs  74/e.  10  in.  the  door  7 fe. 
6 in.  by  3 fe.  g inches',  five  window  fhutters,  each 
6 fe.  8 in.  by  3 fe.  4 in.  the  breaks  in  the  windows 
14  in.  deep,  and  8 fe.  high;  the  chimney  6 fe.  9 in. 
by  5 fe.  a clofet,  the  height  of  the  room,  3f  fe.  deep, 
and  4 ife.  in  front,  with  fhelving,  at  22  fe.  6 in. 
by  10  in.  the  fhutters,  doors  and  fhelves,  being  all  co- 
joured  on  both  fides:  what  will  the  whole  come  to  r 


JO--..  Paintprc  rake  their  dimenfions  with  a firing,  and 


Anj.  179  yards  1 foot. 
2.  The  height  of  a room  is  14  feet 


10  inches,  and 


Anf.  4 A I gd. 


Dedu&ions  are  to  be  made  for 
the  price  is  generally  proportic 
they  lay  on  their  aolour. 
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o r 

glaziers 


WORK. 


G 

foot. 


LOZIERS  tqke  their  dimenfions  in  feet,  inches, 
and  parts,  and  eftimate  their  work  by  the  fquare 

’°In  taking  the  length  and  breadth  of  a window,  the 
crofs-bars  between  the  panes  are  always  included. 

Windows  of  every  form  are  meafured  as  if  they 
were  fquares,  and  the  greateft  lengths  and  breadths  are 
conftantly  to  be  taken,  on  account  of  the  wafte  at- 
tending the  cutting. 


EXAMPLES. 


i If  a pane  of  glafs  be  2 feet  8 inches  and  3 quar- 
ters long,  and  1 foot  4 inches  1 quarter  broad:  how 
many  feet  does  it  contain  ? 

By  Defimals. 

B’he  decimal  of  8|  inches  is  .729 
And  that  of  4^  inches  is  .354 
\(LC  2.729 

1-354.  ' 


IO9X6 

13645 

8187 

2729 


3.695065 

12 


8-34°792 

Glaziers  generally  meafure  their  work  to  a quarter  of  an 
inch,  and  all  circular,  triangular,  &c,  windows,  are  meafured 
as  if  they  were  fquares. 

By 


GLAZIERS  WORK.. 


2 JO 

By  Crofs  Multiplication, 
feet  in.  pa. 

289 

1 4.  3 

289 
10  u o 
823 

38423 
Anf  3 feet  8 in.  4 pa. 

2.  What  will  the  glazing  a triangular  fky-light 

tome  to  at  iort'.  per  foot,  fuppofing  the  bafe  to  be  iz 
feet  6 inches,  and  the  perpendicular  height  16  feet  9 
inches  ? Anf.  4/.  7 s.  2 \d. 

3.  There  is  a houfe  with  3 tier  of  windows,  three 

in  a tier  ; the  height  of  the  firft  tier  is  7 feet  10 
inches  ; of  the  fecond  6 feet  8 inches ; of  the  third 
5 feet  4 inches,  and  the  breadth  of  each  3 feet  1 1 
inches:  what  will  the  glazing  come  to  at  14^.  per 
foot?  ~Anf.  13/.  Hr.  io-L?. 

4.  There  is  a houfe  with  3 tier  of  windows,  three 
in  a tier;  the  height  ofthofe  in  the  lower  tier  being 
7 fe.  9 in.  of  thofe  in  the  middle  6 fe.  6 in.  and  of 
thofe  in  the  upper  tier  5 fe.  35  in.  and  having  alfo  a 
circular  window  above  the  door,  the  greateft  height 
of  w'hich  is  1 foot  iof  in.  and  the  common  breadth 
of  all  the  window's  3 fe.  9 in.  what  will  the  glazing 
come  to  at  13 \d.  per  foot?  Anf.  12/.  14/.  1 1 \d. 


IVote.  Windows  are  fometimes  meafured  by  taking  the  di- 
menfions  of  one  pane,  and  multiplying  it  continually  by  the 
number  of  panes ; and  no  allowance  is  ever  made  for  round  or 
cival  windows,  as  the  trouble  of  cutting  them  to  thofe  lhapes 
is  more  than  the  value  of  the  glafs  omitted. 

3 


OF 
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O F 

PAVIOURS  WORK*. 

PA  V IOURS  work  is  done  by  the  fquare  yard, 
‘and  the  content  is  found  by  multiplying  the' 

length  by  the  breadth.  • 

Or  if  the  dimenfions  be  taken  in  feet,  and  the  area 
be  found  in  the  fame  meafure,  the  refult  being  di- 
vided by  9,  will  give  the  number  of  fquare  yards  re- 
quired. 

EXAMPLES. 

1 What  will  the  paving  a rectangular  court  yard 
come  to  at  3s.  id.  per  yard,  fuppcfmg  the  length 
to  be  27  feet  10  inches,  and  the  breadth  14  »cet  9- 

inches  ? , 

By  Cro/s  Multiplication, 
feet  in. 

27  10 

14  9 


3S9 

20 

8 

10 

6 

9)410 

6 

6 

45 

5 

6 6 

* Plumbers  work  is  generally  done  by  the  pound,  or  hun- 
dred weight,  and  the  price  is  regulated  according  to  the  value 
of  the  lead  at  the  time  the  contract  is  made,  or  when  the 
work  is  performed, 

45 
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d. 

0 

45 

5 

6 

6 jr.  id. 

2 

I 

I O 

45 

1 

0 

1 

2 

4 

10 

2 

I 

2 

5 

/ 

/• 

in.' 

A 

3 

0 

0 

1 

3 

7 

6 

7 , 

1 

0 

0 

T 

1 

°i 

1 

0 

0 

1 

9 

4 

0 

6 

0 

1 

2 

0 

4 

• 

0 

0 

6 

1 

1: 

0 

2 

• 

0 

0 

7 

4 

4t 

the  anfvoer. 

1.  A re&angular  court-yard  is  42  feet  9 inches, 
long,  and  68  feet  6 inches  in  depth,  and  a foot-way 
goes  quite  through  it,  of  five  feet  6 inches  in  breadth  ; 
the  foot-way  is  laid  withftone  at  3^.  6d.  per  yard,  and 
the  reft  with  pebbles  at  3^.  per  yard:  what  will  the 
whole  come  to  ? Anf.  49/.  1 ~js.  o \d. 


Sheet-lead,  ufed  in  roofing,  guttering,  &c.  is  generally  be- 
tween 7 and  ialbs.  weight  to  the  fquare  foot. 

\ The  following  table  will  fhew  the  weight  of  a fquare  foot 
to  each  of  thefe  thicknefles. 


Thick. 

lbs. 

fq.foot. 

Thick. 

lbs. 

fr-  foot- 

Thick. 

lbs. 

/?•  /«"• 

i 

7-373 

•15 

s.848 

.18 

IO.618 

•13 

7.668 

.16 

9.438 

.j9 

I 1.207 

.14 

8. 258 

I 

*6 

9.S31 

1 

T 

”•797 

7 

8.427 

•>7 

10.028 

.21 

12.3S7 

OF 
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VAULTED  and  ARCHED  ROOFS. 

ARCHED  roofs  are  either  vaults,  domes,  faloons , er 

ji  roins% 

Vaulted  roofs  are  formed  by  arches Springing  from 
the  oppofite  walls,  and  meeting  in  a line  at  the  top 
Domes  are  made  by  arches  fpnnging  from  a circular 
or  polygonal  bafe,  and  meeting  in  a point  at  the  top. 

Saloons  are  formed  by  arches  connecting  the  fide 
walls  to  a flat  roof,  or  cieling  m the  middle. 

Groins  are  formed  by  the  interfeftion  of  vaults  with 

each  other.  . . - 

Domes  and  Saloons  rarely  occur  in  the  pra£hce  ot 
meafuring,  but  vaults  and  groins  cover  the  cellars  ot 

moft  houfes.  r , c , 

Vaulted  roofs  are  generally  one  of  the  three  toi- 

lowing  forts ; 

1.  Circular  roofs,  or  thofe  whofe  arch  is  fome  part 
of  the  circumference  of  a circle. 

2.  Elliptical  roofs,  or  thofe  whofe  arch  is  fome  part 
of  the  circumference  of  an  ellipfls. 

3.  Gothic  roofs,  or  thofe  which  are  formed  by  two 
circular  arcs  that  meet  in  a point  diredtly  over  the 
middle  of  the  breadth,  or  fpan  of  the  arch. 

PROBLEM  I. 

To  find  the  folid  content  of  circular,  elliptic,  or  gothic 
vaulted  roofs.  rULE. 


. 2J4  VAULTED  and  ARCHED  ROOFS. 


RULE.* 

Multiply  the  area  of  one  end  by  the  length  of  the 
roof,  and  the  product  will  be  the  folidity  required. 

EXAMPLES. 

I.  What  is  the  folid  content  of  a fenii-circular 
vault,  whofe  fpan  is  40  feet,  and  its  length  120  feet? 

.7854 

1600— fquare  of  40 

47 1 2400 

785+ 


2)  1256.6400 


628.32  — area  of  the  end. 

’ izo  — length. 

75398.40  —folidity  required. 

2.  Required  the  folidity  of  an  elliptic  vault,  whofe 
fpan  is  40  feet,  height  12  feet,  and  length  80? 

Anf  30159.36  feet. 

3.  What  is  the  folid  content  of  a gothic  vault, 

whofe  fpan  is  48,  the  chord  of  its  arch  48,  the  didance 
of  the  arch  from  the  middle  of  the  chord  18,  and  the 
length  of  the  vault  18  ? Anf.  136228.044. 


* To  find  the  folidity  of  the  materials  in  either  of  the  arches. 

Rule.  From  the  folid  content  of  the  whole  arch  take  the 
folid  content  of  the  void  fpace,  and  the  remainder  will  be  the 
folidity  of  the  arch. 


PRO- 
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PROBLEM  II. 

To  find  the  concave,  or  convex  furface,  of  circulat , 
elliptic , or  gothic  vaulted  roofs. 

RULE.* 

Multiply  the  length  of  the  arch  by  the  length  of 
the  vault,  and  the  produft  will  be  the  fuperficies  re- 
quired. 

E X A M P L E-S. 

1.  What  is  the  concave  furface  of  a femi-circular 
vault,  whofe  fpan  is  40  feet,  and  its  length  120  . 

3’Hj6 

40 

2)  125.6640 

62.832  — length  of  the  arch. 


7539.840 —concave  furface  required . 

PROBLEM  in. 

To  find  the  f 'did  content  of  a dosne  ; its  height , and  the 
dimenfions  of  its  bafe  being  known. 


* The  convex  furface  of  a vault  may  be  found  by  ftretching 
a firing  over  it ; but  for  the  concave  furface  this  method  is 
not  applicable,  and  therefore  its  length  muft  be  found  from 
proper  dimenfions. 

RULE. 
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0 RULE.* 

Multiply  the  area  of  the  bafe  by  of  tjie  height, 
and  the  produtt  will  be  the  folidity. 

EXAMPLES. 

1.  What  is  the  folid  content  of  a fpherical  dome, 
the  diameter  of  whofe  circular  bafe  is  60  feet l 

•7854  . 

3600  ~fquare  of  60. 


4712400 

23562 

2827.4400=^^  of  the  bafe. 

20— | of  the  height  (30). 

56548.8000— y»7/V/Yy  required. 

2.  In  an  hexagonal  fpherical  dome,  one  fide  of  the 
bafe  is  20  feet ; what  is  the  folidity  ? 

Anf.  12000  feet . 

PROBLEM  IV. 

7 5 find  the  fuperficial  content  of  a fpherical  dome. 

R U L E.f 

Mu’tiply  the  area  of  the  bafe  by  z,  and  the  product 
will  be  the  fuperficial  content  required. 


* Domes  and  faloons  are  of  various  figures,  but  they  are 
things  that  feldom  occur  in  the  pradtice  of  meafuring. 

-}-  The  praBical  rule  for  elliptical  denies  is  as  follcius  : 

Rule,  Add  the  height  to  half  the  diameter  of  the  bafe,  and 
this  fum  multiplied  by  1.5708  will  give  the  fuperficial  content 
nearly. 


EXAM- 
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EXAMPLES. 

I.  What  will  the  painting  an  hexagonal  fphe'rical 
dome  come  to  at  is.  per  yard ; each  fide  of  the  bafe 
being  20  feet  ? 

2.^8oj6=zarea  of  a hexagon  whofe  fide  is  X 

400:^ fquare  of  20.  * 

% 

I039.230400zr*re«  of  the  bafe. 

2 


9)2078.4608002 'zfuperficial  content  required. 

2.0)230.940088  • 

— [fainting 

11.54700442211/.  10/.  lld.th  exfence  of 


PROBLEM  V. 

To  find  the  folid  content  of  a faloon. 

RULE.* 

1.  Multiply  the  height  of  the  arc,  its  proje&ion, 
| of  the  perimeter  of  the  cieling,  and  3.1416  conti- 
nually together,  and  call  the  produdt  a. 

2.  From 


* To  find  the  fupcrficial  content  ofi  a faloon. 

1.  Find  the  area  of  the  flat  part  of  the  cieling. 

2.  Find  the  convex  fuiface  of  a cylinder,  or  cylindroid, 
whofe  length  is  equal  to  1 the  perimeter  of  the  cieling,  and  its 
diameters  to  twice  the  height  and  twice  the  projedtion  of  the 
arch. 

3.  Find  the  fuperficial  content  of  a dome  of  the  fame  figure 
as  the  arch,  and  whofe  bafe  is  either  a fquare,  or  a figure 

fimilar 
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2.  From  a fide  or  diameter  of  the  room  take  a like 
fide  or  diameter  of  the  deling,  and  multiply  the  fquare 
of  the  remainder  by  the  proper  fador  (page  54)  and 
this  produd  again  by  § of  the  height,  and  call  the 
lafi  produd  b. 

3.  Multiply  the  areaof  the  flat  deling  by  the  height 
of  the  arch,  and  this  produd  added  to  the  fum  of  a 
and  b will  give  the  content  required. 


EXAMPLES. 

1,  What  is  the  folid  content  of  a faloon  with  a 
circular  quadrantal  arch  of  2 feet  radius,  fpringing 
over  a redangular  room  of  zo  feet  long  and  16  feet 
wide  ? 


Here  the  flat  part  ofl  the  deling  is  16  feet  by  12  ; and 

4)56 

14  — ! of  the  perimeter . 

2 —height. 

28 

2 —projection. 

‘55 


fimilar  to  that  of  the  deling;  the  fide  being  equal  to  the  dif- 
ference of  a fide  of  the  room,  and  a fide  of  the  deling. 

4.  Add  tliefe  three  articles  together,  and  the  fum  will  give 
the  fuperficial  content  required.^ 

Note.  In  a redangular,  circular,  or  polygonal  room,  the 
bafe  of  the  dome  will  be  a fquare,  a circle,  or  a like  polygon. 

3*4*6 
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3 -Ml6 

S6 

188496 

157080 


175-9  296  — A. 

20— fide  of  the  room . 
16—flde  of  the  deling. 

4 

4 

16 

1.000,  Zcz.—fadlor. 


16.000 

i{~|-  of  the  height. 

16.000 

5-333 


21.333  = !!. 

16 

12 

1 area  of  the  flat  deling. 
2~ height  of  the  arch. 

384 

*75-9  296 
z 1 • 3 3 3 3 


581.2629  —folid  content  required. 


2.  A ciii« 


S 
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2.  A circular  building  of  40  feet  diameter,  and 
25  feet  high  to  the  cieling,  is  covered  with  a faloon, 
whofe  circular  arch  is  5 feet  radius;  required  the 
capacity  of  the  room  in  cubic  feet  ? 

Jnf.  30779.45948/^/. 

j PROBLEM  VI. 

To  find  the  j olid  content  ofi  the  vacuity  formed  by  a 
groin  arch,  either  circular  or  elliptical. 

RULE. 

Multiply  the  area  of  the  bafe  by  the  height,  and 
the  product  again  by  .904,  and  it  will  give  the  foli- 
dity  required. 

EXAMPLES. 

i . What  is  the  folid  content  of  the  vacuity  formed 
by  a circular  groin,  one  lide  of  its  fquare  bafe  being 
1 z feet? 

i 2 
1 2 

144:: ~area  ofi  the  bafe. 

6 —height. 

864 

.904 

3456 

, 1 77760 

781. 05 6—fiolidity  required. 

• 5 * 


2.  What 
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2 What  is  the  folid  content  of  the  vacuity  formed 
hy  'an  elliptical  groin,  one  fide  of  its  fquare  bafe 
being  20  feet.,  and  the  height  6 feet!  Anf.  2169.6. 

problem  VII. 

To  find  the  concave  fuperficies  of  a circular  groin. 


RULE.* 

Multiply  the  area  of  the  bafe  by  1.1416,  and  the 
prpduct  will  be  the  fuperficies  required. 

EXAMPLES. 

t.  What  is  the  curve  fuperficies  of  a circular  groin 
arch,  one  fide  of  its  fquare  being  12  feet? 

1 2 

12  " ■ 

144 —area  of  the  bafe. 

1.1416 

45664 

45664 

11416 

1 s 

1 64.3904" fuperficies  required. 

■2.  What 


* This  rule  may  alfo  be  obferved  in  elliptical  groins,  the 
error  bring  too  fmall  to  be  regarded  in  prattice. 

In  mcafuring  works  where  there  are  many  groins  in  a range, 
the  cylindric  pieces  between  the  groins,  and  on  their  fidcs, 
suuft  be  computed  feparately. 

A r.d 


M 


242  VAULTED  and  ARCHED  ROOFS. 

2.  What  is  the  concave  fuperficies  of  a circular 
groin  arch,  one  fide  of  its  fquare  being  9 feet? 

Anf.  92.4696. 


And  to  find  the  folidity  of  the  brick,  or  ftone  work,  which 
forms  the  groin  arches,  obferve  the  following 

Rule.  Multiply  the  area  of  the  bafe  by  the  height,  including 
the  work  over  the  top  of  the  groin,  and  this  produdt  leflened 
by  the  folid  content,  found  as  before,  will  give  the  folidity 
rtquired. 

' The  general  rule  for  measuring  all  arches  is  this : 

From  the  content  of  the  whole,  conlidered  as  folid,  from  the 
fpringing  of  the  arch  to  the  outfide  of  it,  deduct  the  vacuity 
contained  between  the  faid  fpringing  and  the  under  fide  of  it, 
and  the  remainder  will  be  the  content  of  the  folid  part. 

And  becaufe  the  upper  Tides  of  all  arches,  whether  vaults  or 
groins,  are  built  up  folid,  above  the  haunces,  to  the  fame 
height  with  the  crown,  it  is  evident  that  the  area  of  the  bafe 
•will  be  the  whole  content  above-mentioned,  taking  for  its 
thicknefs  the  height  from  the  fpringing  to  the  tcp.  And 
for  the  content  of  the  vacuity  to  be  deduced,  take  the  area  of 
its  bafe,  accounting  its  thicknefs  to  be  § of  the  greateft  infide 
height.  But  it  may  be  noted  that  the  area  ufed  in  the  vacuity, 
is  not  exaftly  the  fame  with  that  ufed  in  the  folid  -t  for  the 
diameter  of  the  former  is  twice  the  thicknefs  of  the  arch  lefs 
than  that  of  the  latter. 

And  although  I have  mentioned  the  deduction  of  the  vacuity 
as  common  to  both  the  vault  and  the  groin,  it  is  reafonable  to 
make  it  only  in  the  farmer,  on  account  of  the  wade  of  mate- 
rials and  trouble  to  the  workman,  in  cutting  and  fitting  them 
for  the  angles  and  interfedlions. 

Whoever  wilhes  to  fee  this  fubjeft  more  fully  handled,  may 
confult  La  ‘Tbeorie  ct  la  Pratique  dela  Geometric,  par  M.l' Akke 
Deidier  5 a work  in  which  feveral  parts  of  Menfuration  and 
Practical  Geometry  are  (kilfully  handled,  the  examples  being 
moftly  wrought  out  in  an  eafy  familiar  manner,  and  illuftrated 
with  obfervatiens,  and  figures  very  neatly  executed. 
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OF  THE 

CARPENTER’S  RULE. 

^ ^ 

rT,HlS  inftrument  is  commonly  called  CogeJhaW 3 
X Aiding  rule.  It  confilfs  of  two  pieces,  of  a foot 
in  length  each,  which  are  connedled  together  by  means 
of  a folding  joint. 

On  one  fide  of  the  rule,  the  whole  length  is  divided 
into  inches  and  half  quarters,  for  the  purpofe  of  taking 
dimenfions.  And  on  this  face  there  are  alfo  feveral 
plain  fcales,  divided  by  diagonal  lines  into  twelfth 
parts,  which  are  defigned  for  planning  fuchdimenlions 
as  are  taken  in  feet  and  inches. 

On  one  part  of  the  other  face  there  is  a Aider,  and 
four  lines  marked  a,  b,  c,  and  t>  ; the  two  middle 
ones  b and  c being  upon  the  Aider. 

Three  of  thefe  lines  a,  b,  c,  are  double  ones,  be- 
caufe  they  proceed  from  one  to  10  twice  over;  and 
the  fourth  line  n is  a Angle  one,  proceeding  from  4 to 
40,  and  is  called  the  girt  line. 

The  ufe  of  the  double  lines,  a and  b,  is  for  work- 
ing proportions,  and  finding  the  areas  of  plane  figures. 
And  the  ufe  of  the  girt  line  d,  and  the  other  double- 
line  c,  is  for  meafuring  folids. 

When  i at  the  beginning  of  any  line  is  counted  1, 
then  the  i in  the  middle  will  be  10,  and  the  10  at  the 
end  100.  And  when  1 at  the  beginning  is  counted 
10,  then  the  1 in  the  middle  is  100,  and  the  10  at 
the  end  1000,  &c.  and  all  the  fmall  diviAons  are 
altered  in  value  accordingly, 

M 2 
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Upon  the  other  part  of  this  face  there  is  a table  cf 
the  value  of  a load  of  timber,  at  all  prices,'  from  6 d. 
to  2s.  a foot. 

_ Some  rules  have  likevvife  a line  of  inches,  ora  foot 
divided  decimally  into  ioth parts;  as  well  as  tables  of 
board  meafure,  timber  mcafure,  &c.  but  thefe  will  be 
belt  underltood  from  a fight  of  the  inltrument. 


The  ufie  of  the  SLIDING  RULE. 

PROBLEM  I. 

hi  o find  the  produff  of  two  numbers , as  7 and  26. 

\ 

RULE. 

Set  1 upon  a,  to  one  of  the  numbers  (26)  upon  b; 
then  again!!  the  other  number  (7)  on  a,  will  be  found 
the  product  (182)  upon  b. 

Note.  If  the  third  term  runs  beyond  the  end  of  the 
line,  feek  it  on  the  other  radius,  or  part  of  the  line, 
and  increafe  the  produdt  10  times. 

PROBLEM  II. 

T i divide  one  number  by  another , as  ^\0  by  \ 2. 

RULE. 

Set  the  divifor  (1 2)  on  a,  to  1 on  b ; then  again!! 
the  dividend  (510)  on  a,  is  the  quotient  (42^)  on  b. 

Note.  It  the  dividend  runs  beyond  the  ei  d of  the 
line,  din. inifii  it  fo  or  ico  times  to  nake  it  fall  on  a, 
and  increafe  the  quotient  accordingly. 
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PROBLEM  III. 

To  fquare  any  number , as  27. 

RULE. 

Set  1 upon  d to  1 upon  c ; then  againft  the  numl  -r 
(27)  upon  b will  be  found  the  fquare  (729)  upon  c. 

( il  yll would  fquare  270,  reckon  the  one  on  d to  be 
100;' and  then  the  1 on  c will  be  iooo,  and  the  pr  - 
duft  7290.0. 

PROBLEM  IV. 

To  -extract  the  fquare  root  of  any  number , as  4268. 

RULE. 

Set  1 upon  c,  to  1 upon  n ; then  againd  (426a) 
the  number  on  c,  is  (65.3)  the  root  on  d. 

To  value  this  right  you  mud  fuppofe  the  1 on  c to 
be  fome  of  thefeTquares  1,  100,  1000,  &c.  whicn 
is  the  neared  to  the  given  number,  and  then  the  loot 
correfponding  will  be  the  value- of  the  1 upon  d. 

PROBLEM  V. 

To  find  a mean  proportional  between  any  two  numbers, 
as  27  and  450. 

RULE. 

Set  one  of  the  numbers  (27)  on  c,  to  the  fame  on 
o ; then  againd  the  other  number  (450)  on  c,  will 

be  the  mean  (1 12)  on  d. 

Note.  If  one  of  the  numbers  overruns  the  line, 
take  the  100th  part  of  it,  and  augment  the  anfwer  10 

times-  M3  * PRO- 
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prob'Lem  VI. 

Three  numbers  being  given,  to  find  a fourth  propor- 
tional-, fuppofe  12,  28,  and  57.  7 P P 

RULE* 

Set  the  firR  number  (12)  upon  a,  to  the  fecond  (28) 
up°n  b ; then  agamft  the  third  number  (57)  on  1 is 
the  fourth  (133)  on  b.  °n  a,  is 

fote.  If  one  of  the  middle  numbers  runs  off  the 

Pa“  °fit  °nly'  a"d  -S™"* 

The  finding  a third  proportional  is  exaftly  the  fame, 
the  feeond  number  being  twice  repeated. 

-1  ancl^-11^0^  a third  Pr0F0rt^0naI  was  required  to 

,„ffnVh.e,  21  °n  n> 10  the.  fecond  32  on  A j then 
ngainfl  the  fecond  32  on  b,  is  ^8.8  on  a,  which  is 
the  third  proportional  required. 


, * 1 lie  ufe  oi  the  ruIe  in  board  and  timber  meafure  will  be 
fhewn  in  what  follows. 

If  the  breadth  of  a board  be  given}  to  find  bow  v.ucb  in 
length  •will  make  a fquare  foot , 

Rule.  If  the  board  be  narrow,  it  will  be  found  in  the  table 
of  board  meafure  on  the  rule;  but,  if  not,  fhut  the  rule,  and 
leek  the  breadth  in  the  line  of  board  meafure,  running  alone 
the  rulo,  from  that  table;  then  over  again!*  it,  on  the  oppofite 
lide,  13  the  length  in  inches  required. 

. The  fide  of  the  fquare  of  a piece  of  timber  being  given  ; t:  find 
b'onv  miub  in  length  "will  make  a foot  JoHd. 

Rule.  If  the  timber  be  fmall,  it  will  be  found  in  the  table 
of  umber  meafure  on  the  rule;  but,  if  not,  look  for  the  fide 
of  the  fquare,  in  the  line  of  timber  meafure,  running  along 
the  rule,  from  that  table,  and  again!*  it  in  the  line  of  inches 
is  the  length  required. 
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TIMBER  measure. 

PROBLEM  I. 

?0  find  the  area,  or  Superficial  content , of  a hoarder 
p\ank. 

RULE.. 

MULTIPLY  the  length  by  the  breadth,  and 

the  product  will  be  the  c™tenVXbreadths 
Note.  When  the  board  is  tapering,  add  the 
of  the  two  ends  together,  and  take  5 the  fun  ± 

mean  breadth. 

J5ji  the  Sliding  Rule. 

Set  uorb  to  the  breadth  in  inches  on  a,  then 

againft  the  length  in  feet  on  b,  is  the  content  on  a, 
in  feet  and  fra&ional  parts,  as  required. 

BXAMPLES. 

I.  What  is  the  value  of  a plank, whofe  length lis* 
feet  6 inches,  and  breadth  i foot  3 inches  throughout, 
at  per  foot  ? 

feet  in. 

8 6 

1 3 

8 ,6  m 

i 1 6 


10  7 6 the  enrtent, 

M 4 
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ito  7 6 

i 8 

5 


I 
4 • 


2s.  2~d.  the  anfwer. 

/ 

By  the  Sliding  Rule. 

As  12  on  B : 15  A : : 8|  B : iof 

2.  What  is  the  content  of  a board,  whofe  length  is 
5 feet  7 inches,  and  breadth  i foot  10  inches? 

feet  in.  fa. 

Anf.  1 0 2 1 0 

3*  At  i \d.  per  foot,  what  is  the  value  ofa  plank, 
whofe  length  is  1 2 feet  6 inches,  and  breadth  1 1 'inches 
throughout?  Anf.  u.  $d. 

4.  Find  the  value  of  5 oaken  planks  at  3^,  per  foot, 
each  being  17I  feet  long,  and  their  particular  breadths 
as  follows:  viz.  two  of  13A  inches  in  the  middle, 
one  of  14I  inches  in  the  middle,  and  the  two  remain- 
ing ones,  each  18  inches  at  the  broader  end,  and  1 
at  the  narrower?  J„f  j /. 


in . 


6 is 


in. 


I is 


PROBLEM  II. 

To  find  the  folidity  of  fqtiarcd  or  four -f  Jed  timber. 


RULE. 
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RULE.* 

Multiply  the  mean  breadth  by  the  mean  thicknefs, 
and  this  produft  again  by  the  length,  and  it  will  give 
the  folidity  required. 

By  the  Sliding  Rule. 

As  the  length  in  feet  on  c : 22  on  d : quarter  girt 

in  inches  oni  d : folidity  on  c. 


* Note  1.  If  the  flick  be  equally  broad  and  thick  throughout, 

the  breadth  and  thicknefs,  any  where  taken,  will  be  the  mean 
breadth  and  thicknefs. 

t.  If  the  tree  tapers  regularly  from  one  end  to  the  other, 
the  breadth  and  thicknefs..  taken  in  the  middle,  will  be  the 

mean  breadth  and  thicknefs.  , 

V If  the  ftiek  does  not  taper  regularly,  but  is  thicker  in 
feme  places  than  in  others,  let  feveral  different  dimenfions  be 
taken,  and  their  fum  divided  by  the  number  of  them  will 
give  the  mean  dim&nfions. 

This  method  of  finding  the  mean  dimenfions  is  moAly  ufed 
in  pradlice,  but,  in  many  cafes,  it  is  exceedingly  erroneous. 

The  quarter  girt,  likevvife,  which  is  mentioned  in  the  pro- 
portion by  the  Aiding  rule,  is  fubjeft  to  error,  It  is  not  the 
fourth  part  of  the  circumference,  but  the  fquare  root  of  the 
p:oduft  arifing  from  multiplying  the  mean  breadth  by  tho 
mean  thicknefs. 

In  order  to  fhew  the  fallacy  of  taking  5 of  the  girt  for  the 
fide  of  a mean  fquare,  take  the  following  example  : 

Suppofe  a piece  of  timber  to  be  24  feet  long,  and  a foot 
fquare  throughout,  and  let  it  be  flit  into  two  equal  parts, 
from  end  to  end. 

Then  the  fum  of  the  folidities  of  the  two  part*,  by  the 
quarter  girt  method,  will  be  27  feet,  but  the  true  folidity  is 
24  feet;  and  if  the  two  pieces  were  very  unequal,  tly;  diffe- 
rence would  be  Hill  greater. 

M 5 
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examples. 

1.  The  length  of  a piece  of  timber  is  2of  feet,  the 
breadtn  at  the  greater  end  is  1 foot  9 inches,  and  the 
thieknefs  1 foot  3 inches;  and  at  the  lefTer  end  the 
breadth  is  1 foot  6 inches,  and  the  thieknefs  1 foot : 
what  is  the  folidity  ? 

1 1-75  —greater  breadth 

1.5  zzlej/er  breadth. 

2)3-25 

1.625  —mean  breadth. 


1 .25  — greater  thieknefs « 
I • 00  zileffer  thieknefs. 

2)2.25 

1.125  —tneem  thieknefs ,■ 
Decimals. 

1.625 

I.125 


8125 

3250 

1625 

1625 


1.828125 

20.5 


9140625 

36562500 


37.4765625  —content. 


? 


timber  measure*  *5* 


By  Cro/s  Multiplication. 


/'■ 

in. 

pa. 

I 

7 

6 

I 

l 

6 

1 

7 

6 

1 7 

9 

6 

9 

1 

20 

9 11 
6 

3 

36 

6 9 
10  1 1 

0 

7 

6 

37 

00 

7 

6— content. 

By  the  Sliding  Rule. 

As  I upon  b : 19t\  upon  A : : 1 ^ upon  B : 2 63  T%5* 
upon  a,  the  mean  fquare. 

As  16  upon  c : 4 upon  n : : 1.8  upon  c : 16.2  upon  n, 
the  fide  of  the  mean  fquare. 

As  zo\  upon  c : 12  upon  d : : 16.2  upon  d : 37^ 
upon  c,  the  anfiwer. 

2.  The  length  of  a piece  of  timber  is  24. 5 feet,  and 

its  ends  are  equal  fquares,  whofe  fides  are  each  1.04 
feet : what  is  the  folidity  ? Anf.  26  feet  6 inches. 

3.  The  length  of  a piece  of  timber  is  20.38  feet, 
and  the  ends  are  unequal  fquares,  the  fide  of  the 
greater  being  19^  inches,  and  that  of  the  letter  93- 
inches  : what  is  the  folidity  ? Anf  29  ftst  4 inches. 

4.  The  length  of  a piece  of  timber  is  27.36  feet; 

at  the  greater  end  the  breadth  is  1.78  feet,  and  the 
thicknefs  1.23  feet ; and  at  the  letter  end  the  breadth 
is  1.04  feet,  and  the  thicknefs  .91  feet : what  is  the 
folidity?  Avf  41.726  feet. 

M 6 PRO- 
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' 

PROBLEM  IN. 

To  find  the  fiolidity  ofi  round  or  unfquared  timler. 

RULE  I*. 

Multiply  the  fquare  of  the  quarter  girt  (or  L of  the 
circumference)  by  the  length,  and  the  produft  will  be 
the  content,  according  to  the  common  prailice.  . 

By  the  Sliding  Rule.  ^ 

As  the  length  upon  c : 12  upon  d : : L girt  upon 
d : content  upon  c. 


r.  A piece  of  timber  is  feet  long,  and  the 
quarter  girt  is  39  inches : what  is  the,folidity  ? 


* Let  c.—  girt  or  circumference,  and  / — length  of  the 
tree. 

_ . c c cl 

Then  — x — X / “ — ” content  of  the  tree  accord- 
4 4 16 

ing  to  the  rule.  * 

. . r-  c7r 

And x / ~ ~ true  content,  accord- 

4X3.1416  . 13.5664 

ing  to  the  rule  for  finding  the  content  of  a cylinder. 

<4/  cV 

But  — differs  from  — by  nearly  £ part  of  the 

12.5664  16 

whole,  and  therefore  the  rule  is  exceedingly  erroneous. 

When  the  tree  is  tapering,  the  mean  girt  is  found  in  the  fame 
manner  as  in  hoard  meafure  Oi  if  the  tree  be  very  irregular, 
the  belt  way  is  to  divide  it  into  a certain  number  of  lengths, 
and  find  the  content  of  each  part  feparately. 

When  trees  have'  their  bark  on,  an  allowance  is  generally 
made,  by  deducing  fo  much  from  the  girt  as  is  judged  fudi- 
cient  to  reduce  it  to  fuch  a circumference  as  it  would  have 
without  its  bark.  In  oak  this  allowance  is  about  T*e  or  -f. 
part  of  the  girt  j but  for  elm,  beech,  afh,  &c,  whofe  bark  is 
not  fo  thick,  the  deduction  ought  to  be  lefs, 

By 
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By  Decimals. 

3.25  =39  inches. 

3-25 

1625 

650 

975 


10.5625 

9-75—9!  feet‘ 

[528125 

739375 

950625 


102.984375  —foliclity. 

By  Crcfs  Multiplication, 
f.  in. 

3 3 — 39  inches' 

3 3 


9 9 
9 9 


10 

9 


6 

9 


r.1 


9!  /«'• 


95  0 9 

7 1 x ' o 
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102  11  9 gzzfolidity. 

By  the  Sliding  Rule. 

9J  upon  c : 12  jd  : ■ 39  upon  t>  : 103  upon 

2.  The 


the  content. 
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2.  The  length  of  a tree  is  25  feet,  and  the  girt 
throughout  z\  feet : what  is  its  folidity? 

Anf.  9 feet  9 inches, 

3.  The  length  of  a tree  is  14!  feet,  and  its  girt  in 
the  middle  3.15  feet:  required  the  folidity? 

. Anf.  9 feet,  nearly. 

4*  * he  girts  or  a tree  in  4 different  places  are  as 
follows:  in  the  firfl  place  5 feet  9 inches,  in  the 
fecond  4 feet  5 inches,  in  the  third  4 feet  9 inches, 
and  in  the  fourth  3 feet  9 inches ; and  the  length  of 
the  whole  tree  is  15  feet:  what  is  the  folidity? 

Anf  20  feet  5 inches. 

5.  An  oak  tree  is  45  feet  7 inches  long,  and  its 
quarter  girt  3 feet  8 inches;  what  is  the  folid  content, 
allowing  JL-  for  the  bark  ? Anf.  5 1 5 feet,  nearly. 

RULE  II* 

Multiply  the  fquare  of  ~ of  the  girt  by  twice  the 
length,  and  the  produtt  will  be  the  folidity,  extremely 
near  the  truth. 

By 


* Let  c — circumference,  and  /—length,  as  before. 

C C 2C1/  cH 

Then  — x — X 2/  — - — — — content  of  the  tree 

' 5 5 2 5 I2-5 

according  to  the  rule. 

rV 

And  the  true  content  is  — , as  was  before  fhewn. 

12. 5664 

cV  c*l  1 

But differs  from  - ■ by  only  about  part  of 

12.5  12.5664  190 

the  whole;  and  is  therefore  fufficiently  near  the  truth  for  any 
practical  purpofe. 

This  rule  is  full  as  eafy  in  pra&ice  as  the  falfe  one,  and 
therefore  ought  to  be  generally  ufed,  fince  the  eafe  of  the  other 
method  is  the  only  argument  which  is  alledged  for  employ- 
ing it. 
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By  the  Sliding  Rule. 

As  twice  the  length  upon  c : 12  upon  n : : i of  the 

EXAM- 


AS  twice  uic  — - 

girt  upon  d : content  upon  c. 


The  following  rule  was  given  me  by  Mr.  Burrow,  and  is  a 

of  the  circumference  by  the 
1*Z  and  S A of  the  produtf ; from  this  1*  .«*•> 
ftbiaft  J of  itfelf,  and  the  remainder  will  be  the  anfwer. 

For_^-  of  c'l  ™ry  nearly,  = - - ^ X c*I  = 
I2.5664  OO 

t'-Lof-  Which  is  the  fame  as  the  rule;  and  differs 
11  8 ii* 

from  the  truth  by  only  1 foot  in  4300. 

The  following  problems,  as  well  as  many  other  things  in 
this  fedtion,  were  taken  from  Dr.  Hutton's  Menfurat.on.  They 
are  given  to  fhew  the  artifices  that  may  be  u fed  in  meaf"r‘£S 
timber  according  to  the  falfe  method  now  praftifed,  and  the 
abfolute  neceffity  there  is  of  aboUflnng  it. 

PROBLEM  I. 

r.  find  where  a tree  muji  he  cut,  Jo  that  the  two  parte, 
meafured Separately,  pall  produce  a greater  fohdity  than  that  of 
the  whole  tree,  or  any  other  two  parts  if  it. 

Rule.  Cut  it  through  exaftly  in  the  middle  or  at  J of 
the  length,  and  the  two  parts  will  meafure  the  mod  poflible. 

2W  Put  c zz  greateft  girt,  g = leaft  * = fit  at  the 
feftion,  l zz  whole  length,  and  * zz  length  to  be  cut  off  the 

lefs  end"  „ _ . -r  v — 

Then,  by  fimilar  figures,  1 s k : : c—g.x-g,  w*- 

r’*—gx  + # 


But^+jei1  X * + c+*Vx  l — z=  a maximum. 

And  if  the  fluxion  of  this  expreffion  be  put  equal  to  nothing, 
and  the  value  of  * be  fubftituted  inftead  of  it,  there  will 
refult*—  {t.  Q^E.  D, 

1 Example, 
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. X\A  P’ece  of  timber  is  9|  fee  t 'ong,  and  | of  the 
girt  is  2.6  feet : what  is  the  folidity  ? 

By 

jj  * — 

Example.  Suppofing  a tree  to  girt  .4  feet  at  the  greater  end, 
2 feet  at  the  lefs,  and  8 feet  in  the  fniddle,  and  that  the  length 
is  32  feet 

U hen,  by  the  common  method,  the  whole  tree  meafures 
only  128. 

But,  wiic-n  cut  through  the  middle,  the  greater  part  meafures 
521  feet,  and  the  lefs  part  25  feet. 

And  the  fum  of  thefe  two  parts  is  146  feet,  which  exceeds 
the  whole  by  iS  feet,  and  is  the  moil  that  it  can  be  made  to 
meafure  by  cutting  it  into  two  parts. 

PROBLEM  II. 

To  find  where  a tree  mufi  be  cut,  fo  that  the  part  next  the 
greater  end  may  meafure  the.1r.0fi  pojfible. 

Rule.  Cut  it  where  the  girt  is  ^ of  the  greateft  girt,  and  the 
greater  end  will  meafure  to  the  moil  poflible.  - 

Demon.  By  ufing  the  fame  notation  as  in  the  lafl  problem, 

we  ill  all  have  x — — — — and  g~  + x)  x l — z — a 

maximum. 

And,  if  this  be  put  into  fluxions,  it  will  give  2;  — Li 

G—g 

. C — g- 

X i 1,  and  x — X z + g ~ § g.  Q^E.  D. 

Example.  Taking  here  the  fame  example  as  before,  we 

fhall  have  12  : 8 : : — : 7-L  — length  to  be  cut  off,  24!  — 

3 

length  of  the  remaining  part,  and  4|nr  girt  at  the  fedlion. 

^ But  the  content  of  the  whole  tree  is  only  128  fee t,  and  the 
content  of  tho.  greater  part  135+I  feet,  which  exceeds  12S  by 
7^1,  and  is  the  greateft  poflible. 

Note. 
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By  Decimals. 

2.6 

2.6 

156 

52 

6.76 

9-75 


338° 

4752 

6084. 


65.9100 

2 


J 2I.82OO~f0«/£«i'. 


A'o/f.  If  the  grcateft  girt  does  not  exceed  3 times  the  leaf!, 
tho  tree  cannot  be  cut  as  Is  required  by  the  problem  j for 
when  the  leaf!  girt  is  exadfly  equal  to  \ of  the  greater,  the  tree 
already  meafures  to  the-moft  pofltble. 

PROBLEM  III. 

To  cut  a tree,  fo  tb.it  the  part  next  the  greater  end  may  tneafuri 
txaftly  the  fame  at  the  nvheU  tree. 

Rule  1.  Call  the  fum  of  the  girts  of  the  two  ends  j,  and  their 
difference  d. 

2.  Multiply  d by  the  fum  of  d and  4 j,  and  from  the  fquare 
root  of  the  produdV  take  the  difference  between  d and  2 j. 

3 Then  as  z d is  to  this  remainder,  fo  is  the  whole  length 
of  the  tree,  to  the  length  to  be  cut  off  the  fmaller  end. 

Demon . 
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*5* 

^(Sliding  Rule. 

-4s  1 9. 1 5 upon  c 1 2 upon  u : : 3 1 y in.  upon  D : 1 3 2, 
the  content  upon  c. 

2.  If  the  length  of  a tree  be  24  feet,  and  the  girt 
throughout  8 feet:  what  is  the  content? 

Anf.  123  feet,  neqrly. 

3.  If  a tree  girt  14  feet  at  the  thicker  end,  and '2 

feet  at  the  fmaller  end:  required  the  folidity  when  the 
length  is  24  feet?  Anf.  1 1 - feet,  nearly. 

4.  A tree  girts  in  five  different  places  as  follows: 

in  the  firfl  place  9.43  feet,  in  the  fecond  7.92  feet,  in 
the  third  6. 1 5 feet,  in  the  fourth  4.74  feet,  and  in  the 
fifth  3.16  feet  j and  the  whole  length  is  175  feet: 
wdiat  is  the  folidity  ? Anf  54.4065  fecth 


Dmm,  Ufmg  fill  the  fame  notation,  we  /hall  have  i‘l  — 

i — a X o+T)*}  and  by  fubftltutint  for  * Its  value  — + g , 

x» 

it  will  be  8 an  — ; X 4 s + </  x d — 2s  + d,  and  * ~ 


} s/4-s  + <?  X d — 1.  Q^E.  D, 

The  rule  may  be  illuftrated  by  taking  the  fame  example  as 
In  the  lait  problems, 

Thus,  fince  s — 16,  d rz  12,  and  the  length  l ~ 3a, 

X J 76  X is  ~zo~  y5  sX  57  — 26^  — 13.599118  — length  to 
be  cut  off ; and  therefore  the  length  of  the  remaining'  part  is 
18.40088a. 

-Alfo,  t x ^76x12  — 8 —1-y  57  — 8 — 7. 099669=:  girt  at 
the  fedtion.  Whence  the  girt  in  the  middle  of  the  greater  part  is 
14  + 7.099669 

■ ~ 10.549834,  whofe  J‘part  is  2.637458,  and 

confequcntly  the  content  of  this  part  is  2.637458V  x 1S.4008SA 
— 128  the  fame  as  the  content  of  the  whole  tree. 
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SPECIFIC  GRAVITY. 


THE  fpecific  gravities  of  bodies  are  their  relative 
weights  contained  under  the  fame  given  magni- 
tude, as  a cubic  foot,  a cubic  inch,  &c. 

The  fpecific  gravities  of  feveral  forts  of  bodies  are 
exprefled  by  the  numbers  annexed  to  their  names  m 
the  following  table. 


A table  of  the  fpecific  gravities  of  bodies 


Fine  gold  - - 19640 

Standard  gold  - 18888 

Quickfilver  - 14000 

Lead  - - - 1132S 

Fine  filver  • - 11091 

Standard  filver  - 10535 

Copper  - - - 9000 

Gun  metal  - - 8784 

Call  brals  - - 8000 

Steel  - - - 7850 

Iron  - 7645 

Call  iro*  - - 7425 

Tin  - - ■ - 7320 

Marble  - « - 2700 

Common  ftonc  - 2520 

Loom  - 2160 


Brick 

Light  earth  - ■ 

Solid  gunpowder 
Sand  - - 
Pitch 

Dry  box  wood  » 
Sea  water 
Common  water  - 
Dry  oak  - 
Gunpowder,  fhaken 
Dry  afh  - 
Dry  maple 
Dry  elm  - - 
Dry  fir  - - 

Cork  - - - - 

Air  - * - - 1 


2000 

1984 

1745 

1520 

1150 

1030 

1030 

JOOO 

925 

922 

800 


755 

600 

550 

240 

i*- 

* 4 • 


Note.  As  a cubic  foot  of  water  weighs  juft  ioco 
ounces  Avoirdupois,  the  numbers  in  this  table  expreis 
not  only  the  fpecific  gravities  of  the  feveral  bodies, 
but  alfo  the  weight  of  a cubic  foot  of  each,  in  Avoir- 
dupois ounces;  and  hence,  by  proportion,  the  weight 
of  any  other  quantity,  or  the  quantity  of  any  other 
"weight,  may  be  readily  known. 


PRO- 
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SPECIFIC  GRAVITY. 
PROBLEM  I. 


To  find  the  magnitude  of  a body  from  its  weight  being 
given.  . 

RULE. 


As  the  tabular  fpecinc  gravity  of  the  body,  is  to  its 
weight  in  Avoirdupois  ounces, 

So  is  one  cubic  foot,  or  1728  cubic  inches,  to  its 
content  in  feet,  or  inches,  refpedtively. 


■examples. 

1 . Required  the  content  of  an  irregular  block  of 
common  done  which  weighs  1 cwt.  or  x 1 2 lbs.  ? 

J 1 2 lbs. 

16 


672 

1 1 2 


2520  : 1792  ::  1728 

1728 


35»4 

iaSH 

1792 


2520)3096576(1228^  cubit  incbti  )bt  anj. 
252 

576 

5°4- 

725 

• 5°+ 


20  l6 


20 1 6 2.  How 


/ 
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3.  How  many  cubic  inches  of  gunpowder  ere  tee 

-He  feet  are  there  in  a ton  weight 
of  dry  oak-  ' 

PROBLEM  II. 

- To  find  the  weight  of  a body  from  its  magnitude  being 

glVVU  RULE.  . , 

As  one  cubic  foot,  or  1728  cubic  inches,  is  to  the 

content  of  the  body,  , - , r 

So  is  its  tabular  fpecific  gravity,  to  the  weight  of 
the  body. 

EXAMPLES. 

1 Required  the  weight  of  a block  of  marble,  vvhofe 
length  is  63  feet,  and  its  breadth  and  thicknefs  each 
12  feet;  thefe  being  the  dimenfions  of  one  of  the 
Hones  in  the  walls  ci  Ealbec. 

63 

1 2 


756 
1 2 


9072 

2700 


6350400 

18144 


. 2700 


■6U 


24494400  l 
4 6123600  5 

1 12  1530900/^. 

20  1 3668r--M>/r. 

683  ton. 

Anfi.  633}  tons,  which  is  equal  to  the  burthen  of  an 
Eafi  India  Jhip . 


2.  What 
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meafure  ^at  “ ^ Weight  °f  a Pint  of  g^powder  ale- 
„ 1I7,  . . . , „ \aoz.  nearly, 

3-  What  is 1 the  weight  of  a block  of  dry  oak,  which 
meafures  ten  feet  m length,  3 feet  in  breadth,  and  2-'- 

■*/■»}, ii  it. 

PROBLEM  III. 

To  find  the  fpecifc  gravity  of  a body. 


RULE. 

. \rafc  !•  ^hen  ^e  body  is  heavier  than  water,  weigh 
it  both  in  water  and  out  of  water,  and  the  difference 
wPI  De  the  weight  loft  in  the  water. 

Then,  as  the  weight  loft  in  water,  is  to  the  whole 
weight, 

S°. 13  the  fpecific  gravity  of  water,  to  the  fpecific 
gravity  of  the  body. 

EXAMPLES. 

A piece  offtone  weighed  in  air  10  pounds,  but  in 
water  only  6|lb.  Required  its  fpecific  gravity? 

10 

JS* 

3}  • 10  : : 1000  : 

: 4°  ? : 1000  : 

' 4° 


13)4000-0(3077 

39 
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Cafe.  2.  When  the  body  is  lighter  than  water,  fo 
that  it  will  not  quite  fink ; affix  to  it  another  body 
heavier  than  water,  fo  that  the  mafs  compounded  of 
the  two  may  fink  together. 

Weigh  the  heavier  body  and  the  compound  mafs 
feparately  both  in  water  and  out  of  it,  and  find  how 
much  each  lofes  in  water,  by  fubtrafting  its  weight  in 
water  from  its  weight  in  air. 

Then  as  the  difference  of  thefe  remainders  is  to  the 
weight  of  the  light  body  in  air. 

So  is  the  fpecific  gravity  of  water  to  the  fpecific 
gravity  of  the  body. 


EXAMPLE. 


Suppofe  a piece  of  elm  weighs  in  air  151b.  and 
that  a piece  of  copper  which  weighs  1 81b.  in  air,  and 
1 61b.  in  water,  is  affixed  to  it,  and  that  the  compound 
weighs  61b.  in  water  3 Required  the  fpecific  gravity 
of  the  elm  ? 

18  in  air  33 
16  in  water  6 

lofs  2 27  loft 

2 


aj  : 15  : : 1 000  : 600  Anf. 


PROBLEM  IV. 

To  find  the  quantities  of  two  ingredients  in  a given 
tcmfound. 

RULE. 
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RULE. 

Take  the  differences  of  every  pair  of  the  three  fpe- 
cific  gravities,  rviz.  of  the  compound  and  each  ingre- 
dient, and  multiply  the  difference  of  every  two  by  the 
third. 

Then  as  the  greateft  produft  is  to  the  whole  weight 
of  the  compound,  fo  is  each  of  the  other  produdls  to 
the  weights  of  the  two  ingredients. 

EXAMPLES. 

A compofition  of  iialb.  being  made  of  tin  and 
copper,  whofe  fpecific  gravity  is  found  to  be  8784  ; 
Required  the  quantity  of  each  ingredient  ? The  Ipe- 
cific  gravity  of  tin  being  7320,  and  of  copper  9000. 


9000 

9000 

^754 

7320 

8784 

7320 

1680 

216 

1464  dijf. 

8784 

732° 

9000 

702720 

4320 

13176000 

32704 

648 

8784 

1512 

c 

N 

l'"*. 

VO 

U- 

xf- 

>-t 

1581120 

l 3 1 76000 

14757120 

: 112  : : 

1 1 2 


26332000 

1 3 1 7^ 
13176 


14757120)1475712000(100 
Anf  100 lb.  of  copper  U ^ ccmp  fjU!U 
and  lllo.  of  tin  J 
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MISCELLANEOUS  QUESTIONS. 

*’  WH^T  diference  is  there  between  a floor 
» * 48  feet  long,  and  30  feet  broad,  and  two 

others  each  of  half  the  dimenflons  ? Anr  72Q  fet 

2.  h rom  a mahogany  plank  26  inches  broad,  a yard 

1 3 f be,fawed  offj  what  diftance  from  the 
end  mull  the  line  be  llruck?  J„r  f.  r 

3-  A joilHs  8*  inches  deep,  and  3jffoad?£ 

will  be  the  dimenflons  of  a fcantlingjuftas  big  again 
as  the  joift,  that  is  4|  inches  broad  ? S g3m 

4- . A roof  is  24  feet  8 inchefty  I4  feVt^kch^' 

“IJjL18  -f?  -bC  COvered  Wlth  Jead  at  8/i.  to  the  foot  • 
" hat  will  it  come  to  at  1 8/.  per  cwt  ? 00 1 . 

5.  What  is  the  f.de  of  that 

whofe  area  coll  as  much  paving  at  8 Der  fnnf  * g>e’ 
pallifading  the  three  ftis  did^aguOy^t 

6.  The  two  fide.,  of  an  obtufe-atjed 

ao  and  40  poles  : what  mud  the  lenih  otOhe  ' Ifid 
Me  be  .hat  the  triangle  may  contaitt^ftan  «re',  d 

7-  if  two  fides  of  a triangl^lvh^ftfafeaTs2^ 
be  , a and  ao:  what  is  the 

8-  If  an  area  of  24.  be  cut  off  fm™ 
whofe  three  fides  are  t+3,  u,  and  ' T* 

ralle!  to  the  longed  fide:  what  are  thelengi)  l^f  Pi?' 
fides  including  that  area  ? enfat-is  oftfie 

AnJ.  - J y/ 1 4,  z y'  1 4,  and  y ^ 

1 9-  The. 


I 
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q.  The  diftance  of  the  centres  of  two  circles, 
whofe  diameters  are  each  50,  is  equal  to  30  : what  is 
the  area  of  the  fpace  inclofed  by  their 

10.  The  area  of  an  equilateral  triangle,  whole  bafe 
falls  on  the  diameter,  and  its  vertex  in  the  middle  oi 
the  arc  of  a femi-circle,  is  equal  to  100:  what  is  the 
diameter  of  the  femi-circle?  ^ 26.j11+. 

1 1 The  four  fides  of  a field,  whofe  diagonals  are 
equal  to  each  other,  are  25,  35,  31,  and  19  poles, 
refoeftively  : what  is  the  area  ? 

yeipecuv  y ^ ^ ^ , r0,  38  poles. 

,,  What  is  the  length  of  a chord  which  cuts  off 

, 0f  ihe  area  from  a circle  whofe  diameter  is 

,,  A cable  which  is  3 feet  long,  and  9 inches  in 
compafs,  weighs  «/*r.  what  will  a fathom  of  that 
cable  weigh  whofe  diameter  ts  9 .»che^_  ^ ^ 

U A circular  filh-pond  is  to  be  dug  in  a garden, 

, .oke  up  juft  half  an  acre,  what  mull  the 

tfrf  the  chord  be  that  ftrikes  the  circle  ? 
length  of  the  cnor  ^ 2?  yards, 

T r A carpenter  is  to  put  an  oaken  curb  to  a round 
t %d  peridot  fquare  ; the  breadth  of  the  curb 
is  ,0  be .71  inches,  and  the  diameter  within  3i  1 Teen 

"^iappofe' ‘the  «epneCnce  of  paving  a ftmUirctdar 
plot!  at  pet  foot,  amounted  to  ,oA  what  .s^.he 

diar'er°/cven  men  bought  a grinding-llone  of  60 
inches 7in  diameter,  eacli  paying  7 part  of  the  ex- 
pence  1 what  part  of  the  diameter  mull  each  gr.nd 


• For  an  excellent  geometrical  conflruftlon  of  this  queftion, 
fee  Dr.  Hunons  Diarian  Mifccllany,  page  5*  ^ 
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down  for  his  fharc  ? Anf  The  1 Jl,  4.4508,  2 d. 

4.8400,  3 d.  5.3535,  4 th.  6.0765,  5/^.7.2079, 
9.3935,  and  the  \ ]th . 22.6778. 

18.  A gentleman  has  a garden  100  feet  long,  and 
So  feet  broad,  and  a gravel  walk  is  to  be  made  of  an 
equal  width  half  round  it:  what  mull  the  width  of  the 
walk  be  fo  as  to  take  up  juft  half  the  ground  ? 

Anf.  25.968 feet. 

19.  In  the  midft  of  a meadow  well  ftored  with 

grafs, 

I took  juft  an  acre  to  tether  my  afs; 

How  long  muft  the  cord  be,  that  feeding  all  round, 

He  may’nt  graze  lefs  or  more  than  an  acre  of 
ground?  Anf  39. 2507 3 yards. 

20.  A maltfter  has  a kiln  that  is  16  feet  6 inches 
fquare  ; now'  he  wants  to  pull  it  down,  and  build  a 
new  one  that  will  dry  three  times  as  much  at  a time  as 
the  old  one  did : what  muft  be  the  length  of  its  fide  ? 

Anf.  28  feet  7 inches. 

21.  If  a round  ciftern  be  26.3  inches  diameter, 

and  52.3  inches  deep:  how  many  inches  diameter 
muft  a ciftern  be  to  hold  twice  the  quantity,  the  depth 
being  the  fame  ? Anf  37.19  inches . 

22.  A May-pole,  whofe  top  was  broken  off  by  a 

blaft  cf  wind,  ftruck  the  ground  at  15  feet  diitance 
from  the  top  of  the  pole:  what  was  the  height  of  the 
whole  May-pole,  fuppofing  the  length  of  the  broken 
piece  to  be  39  feet  ? Anf  75  feet. 

23.  What  will  the  diameter  of  a globe  be,  when 

the  lolidity  and  fuperficial  content  thereof  are  equal 
to  each  other  ? _ Jnf  6. 

24.  How  many  three  inch  cubes  can  be  cut  out  of 

a 12  inch  cube?  " Anf.S 4 

25.  A farmer  borrowed  part  of  a hay-rick  of  his 
ncignbour,  which  meafured  6 feet  every  way,  and. 
paid  him  back  again  by  two  equal  cubical  pieces, 

M 2 each 
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each  of  whofe  fides  were  three  feet . Query,  whether 

the  lender  was  fully  paid  ? 

An/.  He  was  paid  \ part  only . 

26.  What  will  the  painting  a conical  churc'n-fpire 
come  to  at  8 d.  per  yard;  fuppofing  the  circumference 
of  the  bafe  to  be  64  feet,  and  the  altitude  1 1 8 feet . 

An/.  14/.  or.  l\d. 

27.  What  will  a marble  fruftum  of  a cone  come  to 
at  12s.  per  folid  foot;  the  diameter  of  the  greater  end 
being  4 feet,  that  of  the  lefler  end  if  feet,  and  the 
length  of  the  flant  fide  8 feet?  An/,  $ol.  is.  \od. 

28.  The  diameter  of  a legal  Winchefter  bufhel  is 
1 81  inches,  and  its  depth  8 inches:  what  mull  the 

diameter  of  that  bulhel  be  w-hofe  depth  is  7k  inches. 

An/.  19.10671. 

29.  Three  men  bought  a tapering  piece  of  timber, 
which  was  the  fruftum  of  a fquare  pyramid ; one  lide 
of  the  greater  end  was  3 feet,  one  fide  of  the  letter 
end  1 foot,  and  the  length  18  feet:  what  is  the  lengin 
of  each  man’s  piece,  fuppofing  they  paid  equally,  and 
are  to  have  equal  {hares  ? An/.  1 ft.  3.209,  2«- 4-559- 
and  the  3 d.  10.172,  reckoning  from  the  greater  end  to 

xo.  Suppofe  the  ball  at  the  top  of  St.  Paul’s  Chui  ch 
is  6 feet  in  diameter:  what  did  the  gilding  of  it  come 


to  at  x\d.  per  fquare  inch  ? 

r Anf.  237/.  U.  ic id. 

31.  A perfon  wants  a cylindric  veflel  of  3 feet 
deep,  that  lhall  hold  twice  as  much  as  a veflel  o!  2 
inches  deep,  and  46  inches  in  diameter : what  mull 

be  the  diameter  of  the  veffel  required? 

An/  57-37  tnches- 

32.  Two  porters  agreed  to  drink  off  a quait  of 
ftrong  beer  between  them,  at  two  pulls,  or  a draught 
each;  now,  the  firft  having  given  it  a black  eye,  as 
it  is  called,  or  drank  till  the  furface  of  the  liquor 
touched  the  oppofite  edge  of  the  bottom’rf^nfng 
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remaining  part  of  it  to  the  other  : what  was  the  dif- 
ference of  their  fhares,  fuppoiing  the  pot  was  the 
frullum  of  a cone,  the  depth  beingj  5.7  inches,  the 
diameter  at  the  top  3.7  inches,  and  that  of  the  bottom 
4.23  inches  ? 7.07  cubic  inches. 

33.  Three  perfons  having  bought  a fugar-loaf, 

want  to  divide  it  equally  amonglf  them  by  feflions 
parallel  to  the  bafe  ; it  is  required  to  find  the  altitude 
of  each  perfon’s  (hare,  fuppofing  the  loaf  to  be  a cone, 
whole  height  is  20  inches  ? 1 3.867  the 

upper  part,  3.604  the  middle  part,  and  2.528  the  lower 
part.  >*■ 

34.  How  high  above  the  furface  of  the  earth  mull; 
a perfon  be  raffed  to  fee  | of  its  furface  ? 

. tbe  ^ight  of  the  earth's  diameter. 

.35*  cubical  foot,  of  brafs  is  to  be  drawn  into  a 
wire  of  ' of  an  inch  in  diameter;  what  will  be  the 
length  of  the  wire,  allowing  no  lefs  in  the  metal  ? 

AnJ.  97 784.797 yards,  or  near  56  miles. 
35-  A gentleman  has  a bowling-green,  300  feet 
long  and  200  feet  broad,  which  he  would  raife  one 
foot  higher,  by  means  of  the  earth  to  be  dug  out  of 
a ditch  that  goes  round  u : to  what  depth  mull  the 
Sfe-'t  ?C  ^uPP°^lnS  lts  breadth  to  be  every  where 

3“  or  what  diameter  m„n  the  borf'^/fSn{"'n 
be  whtch  „ call  for  a ball  of  Hlbs.  weight,  fo  that 

• V‘  At  wat  hei8ht  from  tbe  bottom  muY  arfup- 
nght  cone  he  cut,  fo  that  the  greatell  cylinder  poflible 
may  be  formed  from  the  lower  part  of  it  ? P 

38.  The  ellipfe  in  Grofwen^of 

Imks  aeroft  the  ltmgefi  way.  a„j  6l2  th"  (toll? 
within  the  rails:  now  the  walls  being  finches  thirl* 

K is  required  to  find  what  ground  they  inclofc,  and 

N 3 what 
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what  they  (land  upon  ? Anf  They  inclofe  4 ac.o  r*. 

6 po.  and  Jl and  on  17  60*  fquare  feet.  _ . , 

4.0.  If  a heavy  fphere  whole  diameter  is  4 inches, 
be  put  into  a conical  glafs,  full  of  water,  whofe  dia- 
meter is  5,  and  altitude  6 inches;  it  is  required  to 
find  how  much  water  will  run  over  ? 

AnJ.  °f a Pint  near0'- 
40.  Suppofe  it  be  found,  by  measurement,  that  a 
man  of  war,  with  its  ordnance,  rigging  and  appoint- 
ments, draws  fo  much  water  as  to  dilplace  50000 
cubic  feet  of  water:  required  the  weight  of  the  veflcL 

Anf  I39Lr5  tons' 

At.  One'ev’ning  I chanc’d  with  a tinker  to  fit, 
Whofe  tongue  ran  a great  deal  too  fait  for  his  wit; 
He  talk’d  of  his  art  with  abundance  of  mettle  ; 

So  I afk’d  him  to  make  me  a flal-bottom’d  kettle : 

' Let  the  top  and  the  bottom  diameters  be, 

In  juft  fuch  proportion  as  five  is  to  three : 

Twelve  inches  the  depth  I propos’d,  and  no  more; 
And  to  hold  in  ale  gallons  feven  lefs  than  a fcore. 
He  promis’d  to  do  it,  and  ft. -ait  to  work  went ; 
But  when  he  had  done  it  he  found  it  too  .cant. 

He  alter’d  it  then,  but  too  big  he  had  made  it ; 
For  though  it  held  right,  the  diameters  fait  d it; 
Thus  making  it  often  too  big  and  too  little. 

The  Tinker  at  laft  had  quite  fpoilt  his  kettle  , 

But  he  fwears  he  will  bring  his  faid  promile  to  pafs. 
Or  elfe  that  he’ll  fpoil  every  ounce  ofhis  brafs. 
Now  to  keep  him  from  ruin,  1 pray  find  him  out 
The  diameter’s  length,  for  he’ll  ne’er  do  it  I doubt. 

Anf.  The  bottom  diameter  is  14.64017,  and  the  top 
diameter  Z4.40028. 
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ABLE 


or  THE 

AREAS  OF  THE  SEGMENTS  OF  A CIRCLE. 

Whofe  Diameter  is  Unity,  and  fuppofed  to  be  divided  into 
icoo  equal  Parts. 


Ver- 

fed 

Sine. 

Seg.  Area. 

Ver- 
fed. 
Si  n e 

Seg.  Area. 

iVer- 
; fed 
Sine. 

Seg.  Area. 

.001 

.0000.42 

.024 

.004921 

.047 

.013392 

.002 

.ocoi 19 

.025 

.005230 

.048 

.013818 

.003 

.000219 

.026 

.005546 

.049 

.014247 

.004 

.000337 

.027 

.005867 

.050 

.014681 

005 

.000470  1 

1 .028 

.006194 

.051 

.015119 

.006 

^ 0006 18 

.029 

.006527 

.052 

.01 5561 

.(207 

.000779 

.030 

.006865 

■°53 

.016007 

.008 

.000951  j 

.031 

007209 

.054 

.016457 

•009 

.o°H35  i 

.032 

.007558 

•°55 

.01691 1 

• OIO 

.001 329 

•033 

.007913 

.05  0 

•c  1 73^9 

• CI  1 

.001533 

•°34 

.008273 

.057 

.017331 

• 012 

.001743 

•035 

.008638 

.058 

.018296 

.613 

.001968 

.036 

.009008 

.059 

.018766 

•014 

.002199 

•0.37 

.009383 

.060 

.019239 

.015 

.002438 

.038 

.009763 

.061 

.019716 

.016 

.002085 

•°39 

.010148 

! .062 

.020196 

.017 

.002940 

.040 

.010537 

.063 

020680 

.018 

.003202 

041 

.01093 1 

! .064 

.02 1 16S 

.019 

0034-1 

.042 

.01 1330 

1 065 

.021659 

.020 

.003748 

•043 

.011734 

.066 

0221 54 

.021 

.004031 

.044 

• O i i ij.2 

.067 

.022652 

.022 

.004322 

.045 

.012554- 

.068 

023154 

; .023 

.0046 1 8 

.046 

.01297 1 

.069 

.023059 

The 
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The  Areas  of  the  Segments  of  a Cncle. 


Ver-I 
fed  5 
Sine. 

P 

eg.  Area. 
s c 

/er- 
fed  6 
Sine. 

\ 

c 

7er- 
fed  5 
>ine. 

eg.  Area. 

| 

J 

Vie 

.070 

.071 

.072 

•073 

.074 

.075 

.076 

.077 

.078 

.079 

.080 

.081 

.082 

.083 

.084 

.085 

.086 

.087 

.088 

.089 

.09c 

.091 

.095 

.09; 

•09- 

.09 

.09! 

.09 

.09 

1 -°9 
.10 

1 . 10 
1..1Q 

.024168 
.024680 
.025195 
.025714 
.026236 
.026761 
.027289 
.027821 
.028356 
.028894 
.029435  | 
029979 
.030526 
.031076 
.631629 
.032186 

.032745 

•033307 

•033872 

•0.34441 
.03501 1 

•0355^5 

.036162 

.036741 

.037323 

•°379°9 
5 .038496 

7 .039087 

8 .039680 

9 .040276 

0 .040875 

1 .041476 

2 .042080 

.103 

.104 

•*05 

.106 

.107 

.108 

.109 

. 1 10 

.111 

.112 

• 1 1 3 

.114 

.115 

.1 16 

. 1 1 7 

.118 

.119 

. I 2C 
.121 
.122 
. I 2 j 
. I 2t 
.121 
. i z( 
.12' 
.12 
.12 
-13 
•13 
•13 
•13 

.042687 

.043296 

.043908 

.044522 

.045139 

■045759 

.046381 

.047005 

.047632 

.048262 

.048894 

-.049528 

.050165 

.050804 

.051446 

.052090 

.052736 

•053385 

.054036 

.054689 

•055345 

I .056003 
.056663 

5 .057326 

7.\  -057991 
4 .058658 

;j  -059327 

oj  .059999 

II  .060672 
2'  .061348 
3 .062026 
4j  .062707 
5'  -063389 

.136 

•137 

.138 

•139 

.140 

.141 

.142 

•M3 

.144 

•H5 

.146 

■M7 

.148 

.149 

.150 

.151 

.152 

■M3 

•i54 

•i55 

.156 

•M7 

.158 

•I55 
. 1 6c 

.161 

.162 

.16; 

.16/ 

.16 

• i6( 

.16 

.16 

064074 

.064760 

•065449 

.066140 

.066833 

.067528 

.068225 

068924 

.069625 

.070328 

•071033 

.071741 
.072450 
073161 
.0738^4 
.074589 
•075306 
.076026 
.076747 
.077469 
.078194 
.078921 
.079649 
.080380 
.081112 
.081846 
.<582582 
.083320 
1-  084059 
.084801 
3 .0S5544 
7 .086289 
? .087036 

'i 

The  Areas  of  the  Segments  of  a Circle. 


Ver- 

fed 

Sine. 

Seg.  Area. 

V er. 

! fed 

(Sine. 

t 

Seg.  Area. 

V er- 
fed 
Sine. 

Seg.  Area. 

9 

.169 

.0877S5 

.202 

.113426 

.235 

.140688 

.17c 

.088535 

.203 

.114230 

.236 

•*4*537 

.171 

.089287 

.204 

•* *5°35 

•237 

.142387 

.172 

.090041 

.205 

.115342 

.238 

.143238 

• *73 

.090797 

.206 

.1 16650 

•239 

.144091 

.174 

.091554 

.207 

.1 17460 

.240 

.144944 

•*7  5 

•°923I3 

.208 

.118271 

.241 

.145799 

.176 

.093074 

.209 

.119083 

.242 

.14^635 

• 1 77 

.093836 

.210 

.119897 

.243 

.147512 

.17& 

.094601 

.21 1 

.120712 

.244 

.148371 

.179 

.095366 

• 212 

.121529 

.245 

.149230 

.180 

.096134 

.213 

•I2Z347 

.246 

.1 qoogi 

.181 

.096903 

.214 

•123167 

.247 

•*50953 

.182 

•097674 

.215 

.123988 

.248 

.151816 

.183 

.098447 

• 216 

• 1 248 1 0 

.249 

.152680 

.18.1 

•099221 

• 217 

.125634 

.250 

.153546 

.185 

•099997 

.218 

.126459 

.251 

•*544*2 

.186 

•100774 

• 219 

.127285 

.252 

.155280 

.187 

• 1 0 1 5 5 3 

.220 

.128113  j 

•253 

.156149 

.188 

.102334 

• 221 

U28942  ! 

.254 

.157019 

• 1 89 

• 1031 1 6 

.222 

•129773 

•255 

.157890 

• I 9C 

•103900 

.223 

•130605 

.256 

.158762 

.191 

•104685 

.224 

.131438  j 

•257 

.159636 

• 192 

-105472 

.225 

•132272  | 

.25? 

.160510 

• 1 93 

• 106261 

.226 

•133108 

.259 

.161386 

.194 

.107051 

.227 

•*339+5  ! 

.260 

.162263 

.195 

•107842 

.228 

.134784 

.261 

.163140 

• 196 

• 1 *8636 

.229 

.135624 

.262 

.164019 

.197 

•109430 

.230 

.136465 

•263 

.164890 

•198 

• 1 1 0226 

.231 

•137307 

.264 

.165780 

.199 

• 1 1 1 024 

.232 

.138150 

.265 

.166663 

.200 

.111823 

•233 

.138995 

.2  66 

.167546 

• 201 

. 1 1 2624 

.234 

.139841 

.267 

.168430 
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The  Areas  of  the  Segments  of  a Circle. 


Ver- 

fed 

Sine. 


Set*.  Area. 


.169315 
.170202 
.171089 
.171978 
.172867 

-I73758 
.174649 
•175542 
.176435 
•177330 
.178225 
.179122 
.180019 
.180918 
.181817 
.182718 
.183619 
.184521 
.185425 
.186329 
.187234 
289!  .188140 


.268 

.269 

.270 

.271 

.272 

•273 

.274 

•275 

.276 

•2  77 
.278 

•2  79 

.380 

.281 

.282 

.283 

.284 

.285 

.286 

.287 


290 

291 

292 
.293 

■294 

.295 

.296 

.297 

.298 


Ver- 

fed 

line, 


Seg.  Area. 


Ver- 

fed 

Sine. 


.189047 

.189955 

.190864 
• 1 9 1 77  5 

.192684 

.193596 

.194509 
.195422 
• i96337 


299'  •I97z52 
300  .198168 


,301;  .199085 
,302!  .200003 
,303'  .200922 
.3041  .201841 
.305  .202761 
.306  .203683 
.307;  .204605 
.308  .205527 
.309'  .206451 
.310,  .207376 
.311' .208301 
.312;  .209227 
.313^  .210154 
.3141  211082 
.315'  .21201 1 
.316  .21-2940 
.317;  .213871 
.318  .21 4802 
319  .215733 
32 oj  .216666 
321,  .217599 
,322  .218533 

• 323i-2I9468 
.324!  .220404 
;|  .325  .221340  | 
1 .326  .222277  1 
.325 j .223215 
! .32S  224154 

I .329  .225093 
.330'  .226033 
.3311 .226974 

.332  -227915 

.33 4 .228858 


Seg.  Area. 


33  + 

335 

336 

337 
■338 
•339 
•3+c 
■3+1 
•3+2 
•3+3 
•3++1 
•3+5 
•3+6 
•3+7 
•3+8 
•3+9 
•350 
■351 
•352 


229801 

•2307+5 

.231689 
^32634 
233580 
.23+526 

•235+73 
.236421 

•237369 

.238318 
.239268 
.240218 
.241 169 
.242121 
.243074 
.244026 
.244980 
24593+ 

.246889 

■ 3531  -2+78+5 
.248801 

•249757 
.250715 
.251673 
.252631 
25359° 


•354 

•355 

•356 

•35 

•358 

359 


•36; 

.361 
. 362 

• 363 

• 36+ 
•365 

.366 


•25+55° 

• 2 5 5 5 1 0 
.256471 

.257+33 

.258395 

.259357 

.260320 


The 


The  Areas  of  the  Segments  of  a Circle. 


Ver- 

fed 

Sine. 

Seg.  Area. 

Ver- 

fcd 

Sine. 

Seg.  Area. 

V er- 
fed 
Sine. 

Seg.  Area. 

■367 

.368 

•369 
•370 
•37i 
•372 
•373 
•374 
•375 
•3  76 
•377 
•378 

•379 
• 380 
•381 

.382 

•383 

•3S4 

•385 

■ 386 
■38; 
•388 

•389 

•39° 

.391 

•392 

•393 

•394 

•395 

.396 

•397 

•398 

•3?9 

.261284 
.262248 
.263213 
.264178 
.265144 
.2661 1 1 
.267078 
.268045 
.269013 
.269982 
.270951 
^.271920 
.272890 
.273861 
.274832 
.275803 
.276775 
.277748 
•278721 
-279694 
.280668 
•281642 
•282617 
.283592 
•2S4568 
.285544 
•286521 
•287498 
.288476 
.2S9453 
.290432 
•29141 i 
•292390 

.400 

.401 

.402 

•4°3 

.404 

•4°5 

.406 

.407 

.408 

.409 

.41c 

.411 

.412 

•4i3 

.414 

.415 

.416 

.417 

.418 

.419 

.420 

.421 

.422 

•423 

.424 

.425 

.426 

.427 

.428 

.429 

.430 

•43i 

•432 

.205360 

•294349 

.295330 

.296311 ' 

.297292 

.298273 

.299255 

.30,0238 

.301220 

.302203 

•3°3i87 

.3-04171 

•3°5I55 
. 306140 

•3°7I25 

.308110 

.309095 

.310081 

.311068 

.312054 

.313041 

.314029 

.315016 

. 3 1 6004 
.316992 
.317981 
.318970 
.319959 
.320948 
•321938 
•322928 
• 3 2 3 9 1 8 
.324909  1 

•433 
•434 
•435 
•436 
•43? 
•43  8 
•439 
.440 
.441 
.442 
'•443 
•444 
■445 
.446 

•447 

.448 

•449 
.450 
.451 
.452 
•453 
•454 
•455 
•4  56 
•457 

• 458 

•459 

.460 

• 461 
.462 

•463 

.464 

.465 

.325900 

.326892 

.327882 

.328874 

.329866 

•33085s 

•33i85° 

•332843 

•333836 

.334829 

•335822 

.336816 

•3378io 

•338804 

•339798 

•340793 

•34i787 

•342782 

•343777 

•344772 

.345768 

.346764 

•347759 

.348755 

•349752 

.350748 

•351745 

•352/41 

•353739 

•354736 

•355732 

•356739 

•357727 
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The  Areas  of  the  Segments  of  a Circle. 


Ver- 

fed 

Sine. 

Seg.' Area. 

Ver-  | 
fed 
Sine. 

Seg.  Area. 

Ver- 

fed 

oine. 

Seg.  Area. 

.466 

.467 

.468 

.469 

.470 

.471 

.472 

•473 

•474 

•475 

.476 

•477 

•358725 

•359723 

.360721 

.361719 

.362717 

•363715 

•3647^ 

.365712 

.366710 

.367709 

.368708 

.369707 

.478 

•479 

•480 

.481 

.4-Sz 

■383 

•484 

•485 

.486 

•487 

! -488 

•489 

.370706 

•3717*5 

•372764 

•373793 

.374702 

•375702 

.376702 

.37.7701 

.378701 

.379700 

.380700 

.381699 

•49° 

.491 

.492 

•493 

•494 

•495 

•496 

•4  97 
.498 

•499 

.500 

.382699 

•383699 

.384699 

.385699 

.38^699 

.387699 

.388699 

.389699 

.390699 

.391699 

.392699 

THE  END. 
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